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B [. INTRODUCTION

and Jamshidian LIBOR interest rate model to the
marketvalues of caps and swaptions has proved to
involve several numerical stability issues.

In this paper we describe a C++ implementation in
PREMIA of the stable algorithm for the joint calibration
of [7] for the LIBOR market model, from the prices of
caps and swaptions.

The outline of this paper is as follows. In Section 2 we
recall the definition of forward rates and contracts, and in
Section 3 we present the arbitrage free modeling of zero
coupon bonds, f. [2], [5], [3] for details. In Section 4 we
re-derive the BGM model using It6 calculus, cf. [1], [4].
The pricing of caps and swaptions in this model is des-
cribed in Section 5. Section 6 is devoted to the calibration
algorithm of [7].

The calibration of the Brace-Gatarek-Musiela (BGM)

M II. ZERO COUPON BONDS
AND FORWARD RATES

Consider a short term interest rate process (), < g }
given by

dr, = v, (r)dt +oi(r) - dB, t <R,

where (B)), < is a standard Brownian motion inR?.
A zero-coupon bond based on (r), c . is a contract
made at time ¢ < T to deliver P(T,T) = 1 at time T, and
valued

P, T):= E[exp(— /;Trsds)| rt].

Figure 2.1 presents a random simulation of t = P(¢, T)
in the Vasicek model, combined with the graph of the cor-
responding deterministic interest rate compounding.

* This work was carried out when both authors were at INRIA Rocquencourt, Projet
MathFi, BP 105, 78153 Le Chesnay Cedex, France.

The instantaneous forward rate process, given by

0 logP(t, T)

is represented in Figure 2.2 in the Vasicek model used
in Figure 2.1:
The (simply compounded) forward rate is defined as:

1 <P(t, 7)

FtT,S):=

ST P(t,S)_1>’ 0<t<T<S,

i.e. the interest rate contracted at time t for a loan over
the future period [T,S]:

P, T) — PSS = PtLS)(S—DFT,S),
0<t<T<S

The forward rate agreement at time t gives its holder
the right to an interest rate F'(¢, T, S) on the time period
[T,S]. Next (Figure 2.3) is a simulation of the simply com-
pounded spot rates L(t,T) defined as L(t,T) = F(t,t,T), and
computed from the sample graphs of Figure 2.1:

The forward curve T - F(0,T,T + &) is plotted
in Figure 2.4 for t = 0 in the Vasicek model used in
Figure 2.1:

Figure2.1. 1 — P(1,T)
andt— e~ ro(T—1)
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L(t,T)

In practice, the maturity dates are arranged according
to a discrete tenor structure

0=T,<T,<Ty<<T,

with 6, = T;,,— T;,i = 1,...,n — 1. An example of
data used for the forward interest rate curve is given in
Figure 2.5, with here t = 07/05/2003 and 6 = one year:

Note that actual data of forward interest rate curves
can also be fitted by parametric methods as in e.g. the
Nelson-Siegel model. More generally, the forward swap
rate process

S(tv Tia T]) =

1<i<j<n,

PT,T)

t=[0,77]

is defined from i
0=PtT,)—PtT)+ StT, Tj)k;ékp(t, Ty,
te[0,T;], 1=<i<j=<mn,
where .
P, T,T, = Z:fkp(t’ Tpip), t<]0,T;]
1<i<j<mn,

is the annuity numeraire, with the relation

4.5

w
01";

F(O,T,T + delta)
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L[0T, 1<i<j<n.

Whenj = i + 1, the swap rateS(, T}, 7;,,) coinci-
des with the forward rate F(¢, T}, T,. ), and we reco-
ver the discount factor P(¢, T;) from S(t, 7, T;.,) =
F(t, T, T;,,) using the r?latic))ns

P, T,
PTie) = 175 56T Trr
0<:i<n-—1.

t <[0,7;]

M [II. ARBITRAGE
FREE MODELING

From now on we assume that the dynamics of P(¢, 7))
under the risk neutral probability measure is given by

drP@, T,

ar\t, 1) t(p) . -
P4, T) rdt + @) - dW, i=1,..

,n,

where (r,), g, and & @), r,i = 1,...,n, are adap-
ted with respect to the filtration (F,),  » _generated by
the R?- valued Brownian motion(W,), g, under the
assumption (absence of arbitrage condition) that
i=1,..,n,

t - g*ofrstP(t, Ti), t e [0’ Ti]’

is an F,-martingale under IP.
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Definition 3.1. Let the probability measure [P, be defined as

dP. 1 K
L — — [ ryds
aP = p,7)¢ 0 1T Leen
Note that for i = 1,...,n, we have
PT,) !
f de]_ — [rds
[dP‘ff] P(OT) [ | ©,7)¢ """
€ [0, T;].
Moreover, forall { = lT,...,n we have
APy e/ ruds
dP\]—} - P(t,Ti)’ l e [05 Tl]

Indeed, for all bounded and F,-measurable random
variables G,

E[GFejfT'nds] — PO, T)E,|Ge/ s F]
PO T)E,|Ge[ 5, [F| 7|

E[Ge I ras, [F|]-“t]]
= P(t, TZ)E[G E;[F|F]

hence
T
E[Fe*{f rsds’]:‘t] = P(, Tl.)El.[F‘}"t], t €10,T;].

for all integrable random variables F. The next proposi-
tion will be useful to determine the dynamics of interest
rate processes under IP,.

Proposition 3.2. For i = 1,...,#, let

Wii=w,— ['t¢ds, 0<t=T, (3.2)

then (W9), < (o, 1,) is a standard R"- valued Brownian motion
under P..
Proof. Letting

P, T ‘
> o= [ryds .
P, 7y " el0 T

we have d®;(t) = ©;()¢[() - dW, hence by the
Girsanov theorem,

; (D) —E[ |f]

t 1 . [t
w,— |, ol < UOW >=W, [ (s,
€ [0, T3}
is a continuous martingale under IP,.
In the sequel, the expectation under IP, will be denoted
by K.
Proposition 3.3. Forall 1 < 4, j < » we have
PO, T) P, T;
E;| 75 F | = 0.7) ¢ f),
! dPl ! P(t’ TZ) P(Oy T])
0<t<T,AT,

(3-3)

and in particular the process
P(t T)
" PG, Ty

0<t<T,AT,

isan F - martingaleunder P, 1 < 4, j < n.

Proof. For all bounded and F-measurable random
variables F we have

dP;
| F - E[F /
= P(() T) 87({ rtdr]
B R
B 1 7T‘r _EP(t, Tj)
~ P, T]-)E Fer{r P, Tl.)]
_ P, Ti)EV[ )
PO, )" |" PG TY|

which shows (3.3)
By It6’s calculus we have, for any 7,j = 1,...,#,
P, T)\ PT)
i
d( G T,->> e 1) G0 4O
W, — &) db),
which, from Proposition 3.2, recovers the second

part of Proposition 3.3, i.e. the martingale property of
P(t, Tj)/P(t, 7). Note thatif 1 < ¢ < j < n we have

Pt T) i} 1 -
PGT)  Alit 6, FG T, T,y 10T
andifl < j <7< n,
P, T) izl
Py LA TAIET T D) E = (0.T)

Bl [V. DERIVATION
OF THE BGM MODEL

The aim of this section is to describe the Brace-Gatarek-
Musiela (BGM) model, and in particular the BGM system
of stochastic differential equations
dF( Ty T ) GFt,T;T;. )

Ft,T,T;.,) Tl FT T ) (4.1)
Y@ -y @Odt+ @) - dW,

n—1

0 < ¢ < T, where v,(?) is a deterministic R!— valued
function, (W )s g, 1s a standard Brownian motion in
RY and F(¢, T lﬂ) 0 < ¢ < T, isamartingale under
P.+1,i= 1,...,n — 1. More precisely, due to Rela-
tion (4.2) below, F(t, T}, T, ) is a geometric Brownian
motionunder P, ,,¢ = 0,...,# — 1,makingit possible to
apply the Black-Scholes pricing formula. Incase d = # the
system (4.1) can be rewritten using an n-1-dimensional
Brownian motion, hence without loss of generality one
cantaked < n — 1.
In order to derive (4.1) we start from the definition

1 P(t’ Tl)
F(t, T Ti+1):: g(m — 1),

which implies
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dF(L T, T,.,) = 6jd<P( . T;J)
_ gTT’D(Q( )=,
dw,—¢.,(Ody
LA+ 8P T, T,,)
(&0 — & @) - @W, — ¢ (D db)
AU+ QPG T, T,)
&® — &, (0) - dwir!

Assuming the existence of a deterministic R9- valued
function v,(¢) such that

GO = 4 )+ 8, FtT,T,.) =
dv(OF,T,T, ), i=0,.,n—1, (4.2)

we get for

dar@, T, T; .
( i z+1) — ,\{;].‘(t) 'dW§+1

F(t, T, Tiy )
= [0 - @Wk+ () — &y, () dr)
k—1
k
= - i —Zz:Jrl
& — ]H(t))a’t
awt— 'S
_ ot j=it1
=7 (t) . 8Z.Yj(t)F(t’ T ]+1)
1+ 0,Ft, T, ]H)d

0=<t=<T,1<i<k=<n, and similarly for 1 < &

<i<wm:
ECT, T o [V 3
N (R ,ﬂ(t))dt
dWk + Z
=10y 0r0T, T,
1+ 8, FtT,T,.)

In particular, for £ = n we have

drt, T, Ti ) _
Ft,T,T;. )
= 8jY;(t)F(t,

1@ - (dwp — ) : 7+1)d
¥ (®) ( f jzzl.;+11+6jF(t, Ty

0<t=<T, which is a martingale under

1

Pipi=1on— L

REMARK - ALTERNATIVE DERIVATION

It is also possible to derive the BGM stochastic diffe-
rential equation (4.1) by replacing condition (4.2) by the
assumption that F(¢, T, T, ) is a geometric Brownian
motion under P, , i.e.

dF(t, T T,, )

Zr Ty =N - i1
FaT,T,.) ~ n®-dW;

for some deterministic R9- valued function.

v,(t),i = 1,...,n — 1. From Proposition 3.3 we have

. _dp; PO, T;, ) P, T)
V.():=E, ., dp+1’}—t] P, T, ) P, T)
PO, T;, )

W(l +8,Ft, T, T;. 1),

hence by 1t6’s calculus,

AV, (1) = b, I;f(zOT'T*)‘)F(z T, T, DY) - dWitt =
o w ()— LT Ti) iy gy,

1+ 6F(t T, T, )"

and by the Girsanov theorem,

dFt, T, T,,) — v, (t)d <W,@®),F@,T,T,,) >=

F (t’ Tp Tl'+ 1) ’Y;r (t) ° Yi (t)
1+ 6,FQT,T,,)

dF(t, T, T,.) — d. dt

is a continuous martingale under P, with quadratic varia-
tion F2(t, T, T; . )v; ()" - v, (t) dt, hence

AP, T, Ty _ ”
oLtV t I/IIH—I — AT t [/]/z
F(t, l+l) ( ) d Y ( ) d

SiF(t7 T,‘y TH]) 'Y;'r(t) ‘ 'Yi(t)
L+ 0,F¢T,T,.,)

dt,
where Wi is a Brownian motion under [P, with the
relation

6Z-F(t, T, T; ) Y; ()
1+ 6ZF(ty Ti’ Ti+ 1)

AWi+l = dWi + dt,

which eventually recovers (4.1), and also implies (4.2)
in view of (3.2).

B V. PRICING
OF CAPS AND SWAPTIONS

The caplet of payoft
(AT, T — w)*
is priced as time ¢ € [0, 7] as

T\l
&Ele ] rds(L(T,, Ti+1) — K)+‘ft] =
0; P(t, Ti+l)Ez'+1[ T;:1) |f]
8, P(t, T, ) Bl(k, F(t T TZH) o; (t) T,— b

from (3.1) and the Black-Scholes formula

Bl(x, F(t, T, Ty, 1),0,), T, — t) =
F(t, i i+1)(D(d1) K(D(dz),
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with
_ 1 X2
(D(x)f—m'[ooe »*dy, x € R,
where
og(F(, T, T; ) /%) + o2 (T; —1)/2
L 0;(/T; —t ’
dy=d,—0o;,(OyT; —t,

and

e L Ty,
lo; O = T — tft 1 (s) - v;(s)ds. (5.1)

This formula can be used to recover the caplet volati-
lities 02 (¢) from market data as in the following table,
where the time to maturity 7; — ¢ is in ordinate and the
period 7'; — T is in abscissa, . Figure 5.1 below. This
table and other data used in this paper has been com-
municated to the authors in 2005 by IXIS Corporate
Investment Bank, Paris.

In Figure 5.1 we will actually only make use of the data
of a single column giving volatilities for a period 6 equal
to the fixed tenor value. The pricing of caplets can be
extended to caps of the form

j—1

kglﬁk(L(Tk’ Ty — )"

since they can be decomposed into a sum of caplets and
are priced at time ¢ € [0, 7] as

j—1
kz-ﬁkp(t’ Tk+ I)BZ(K,F(t, Tk’ Tk+ 1),Gk(t),0, Tk - t) .
In the case of the swaption

ji—1 +
(kz.ﬁkP(Tz" Ty V(T Ty Ty ) — K)) ,

Figure 5.1. Caplet volatilities

Vol Cap At the Money

the positive part can not be taken out of the sum, and
in general the price of the swaption is smaller than the
value of the corresponding cap.

This swaption is priced at time ¢ € [0, 7}] as

E

T, ji—1 +
e,f“ds<k2.5kp(Tz" Tk+1>(F(Ti’ Ty Ty — K) | 72

_ E[e—{ rids(P(T, T) — P(T, T) —

i—1 -
Kkz,ékP(Ti» Tk+1)> |7

T j—1
- E[e—{nds 2 0 P(T, Ty )(S(TL T T) — )| F,
k=i

j—1
= P(t, TZ-)]EiLZ_:.ﬁkP(TZ-, T, )S(T, T, T) — K)+’j.‘t}
= P(t, Ti)]Ei[P(Ti, Tl'» Tj) (S(Tl', Tl', T]-) - K)+| -7:;]
= Pt TYE;|[(S(T. T, T) — x)'| 7]
where the martingale measure P, ; is defined by

dPiJ\ﬁ _ e_,f’rédsP(Tv T, Tj)
APz, PQT,T)

t [0, T}

dPiJ|_7:, _ P(t, Ti)P(Tp T,'s T])
dPlI]“, B P(t7 Tiy Tj) ’
[<i<j<n

te[o.T)

Swaption prices can be computed using the dynamics
of F(¢,T,,T,,) under P,1 < i < k < j < #n, but the
market practice is to use approximation formulas.
When j =i+ 1 we have P;,,, = P, the swaption
price equals

Pz, Ti)Ei[(L(Ti’ T — K)+|}qt]

1M 3M 6M 12M 2Y 3Y 4Y 5Y 7Y 10Y
2D 9,25 9 8,85 18,6 18 16,8 15,7 14,7 13 11,3
1M 15,35 15,1 14,95 17,6 18,03 16,83 15,73 14,73 13,03 11,33
2M 15,75 15,5 15,35 18,1 18,41 17,11 16,01 15,01 13,26 11,56
3M 15,55 15,3] 15,15 18,6 18,79 17,39 16,29 15,29 13,49 11,79
6M 17,55 17,3 17,15 18,7 18,28 16,98 15,88 14,98 13,48 11,98
oM 18,35 18,1 17,95 18,3 17,76 16,56 15,51 14,66 13,31 12,01
1Y 19,25 19 18,85 17,9 17,25] 16,15 15,15 14,35 13,15 12,05
2Y 17,85 17,6 17,45 16,3 15,96 15,16 14,46 13,86 12,96 12,06
3Y 16,8} 16,55 16,4 15,2 15,38 14,58 13,98 13,58 12,88 12,18
4Y 15,6} 15,35 15,2 14,4 14,79 14,19 13,69 13,29 12,79 12,29
5Y 14,65 14,4 14,25 13,4 14,5 13,97 13,53 13,2 12,8 12,4
6Y 13,8 13,55 13,45 12,85 14,19 13,66 13,17 12,89 12,54 12,14
7Y 13,35 13,1 13 12,3 13,88 13,35 12,81 12,58 12,28 11,88
8Y 13,1 12,85 12,75 11,97 13,65 13,15 12,65 12,42 12,12 11,75
oY 12,75 12,5 12,4 11,63 13,43 12,96 12,49 12,26 11,96 11,63
10Y 12,4 12,15 12,05 11,3 13,5 13,02 12,53 12,25 11,89 11,5
12Y 11,85 11,6 11,5 10,8 13,22 12,75 12,28 12,01 11,69 11,3
15Y 11,25 11 10,9 10,2 13 12,55 12,1 11,85 11,57 11,15
20Y 10,45 10,2 10,1 9,5 11,9 11,55 11,2 11,05 11,03 10,8
25Y N 9,45 9,35 8.8 11,68 11,33 10,98 10,83 10,88 10,55
30Y 9,05 8.8 8,7 8,1 11,45 11,1 10,75 10,6 10,72 10,3
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Figure 5.2. Swaption volatilities

Vol Swaption At The Money

1Y 2Y 3Y 4Y 5Y 6Y 7Y 8Y 9Y 10Y 25Y
2D 18,6 18| 16,8 15,7 14,7 13,8 13} 12,3] 11,8 11,3 9,3|
1M 17,6 18 16,8 15,7 14,7] 13,8] 13 12,3] 11,8 11,3 9,3]
2M 18,1 18,35 17,05 15,95 14,95 14 13,2 12,55 12 11,5 9,45
3M 18,6 18,7] 17,3 16,2 15,2 14,2 13,4} 12,8 12,2 11,7 9,6
6M 18,7| 18,1 16,8 15,7 14,8 13,9 13,3 12,7 12,2 11,8 9,7,
9M 18,3] 17,5 16,3 15,25 14,4 13,6 13,05] 12,55 12,1 11,75 9,7]
1Y 17,9 16,9 15,8 14,8 14 13,3 12,8 12,4 12 11,7 9,7
2Y 16,3 15,2 14,4 13,7 13,1 12,6 12,2 11,9 11,6 11,3 9,3]
3Y 15,2 14,2 13,4 12,8 12,4 12 11,7] 11,5 11,2 11] 9,2
4Y 14,4 13,2 12,6 12,1 11,7] 11,5 11,2 11] 10,8 10,7 8,8
5Y 13,4 12,4 11,9 11,5 11,2 11] 10,8 10,7 10,5 10,4 8,6
6Y 12,85 11,95 11,45 11] 10,75 10,55 10,4} 10,25 10,]] 10| 8,5'
7Y 12,3] 11,5] 11§ 10,5 10,3 10,1 10| 9,8 9,7 9,6 8
8Y 11,97 11,13, 10,67} 10,2 10} 9,8 9,7| 9,53 9,43] 9,33 7,83
oY 11,63} 10,77, 10,33} 9,9 9,7 9,5 9.4 9,27| 9,17] 9,07 7,67
10Y 11,3 10,4] 10} 9,6 9,4 9,2 9,1 9 8.9 8,8 7.5
12Y 10,8] 10,04 9,58 9,28 9,02 8,92 8,76 8,66 8,5 8,46 7,38
15Y 10,2 9,5 9,1 8,8 8,6 8,5 8,4 8,3 8,2 8,1 7.2
20Y 9,5 8,8 8,5 8,2 8 8 8 8 7.9 7.9 6,9
25Y 8,8 8,1 7,9 7,6 7,4 7,5 7,6 7,7 7,6 7,7 6,6)
30Y 8,1 7,4 7,3] 7 6,8 7 7,2 7,4 7,3 7,5 6,3

and is approximated by
P, T)Bl(k,F(t, T, T:.1),0,(),0, T, — t).

The swaption approximation formula extends to general
indices1 < { < j<mas

P, T,T)Bl(,StT,T),o,;),0,T,— ), (5.3)

where
9 jg Lo o OF@ T Ty DFG Ty Ty 1)

L= (T; = O[S T; 7)) ]2

|03, ®

T.
[© - s

, t e [0, Tl-], and

(5-4)
j P Ty )
1,] -t 7 tT
'O = pa T Ty

This approximation amounts to saying that
ST, Tj),t € [0,7T;], is an exponential martingale
with variance coefficient o, ; () under P, j»and (5.3) turns
out to be quite accurate when compared to Monte Carlo
evaluations of (5.2), ¢f. [8], §1.3.3.

Figure 5.3. Market swaption
volatilities

Figure 5.2 above shows an example of market data
expressed in terms of swaption volatilities 67, (¢) by inver-
sion of the swaption approximation (5.3). Here, the time
to maturity 7; — ¢ is in ordinate and the period 7', — T
is in abscissa. This type of data can be also expressed in
the form of a graph (Figure 5.3) where the index i refers
to the time to maturity 7, — ¢ and the index j refers to
the period 7', — 7.

Note that the swaption volatilities can be estimated
in a different way, using the so-called Market Swaption
Formula (MSF)

j—1
2 () 2
oo = 2,
oo OFt, T, T )F(&, Ty, Ty.)
ST, T)f

G[B (t) G[Q (t) Cort (F( T[y T]y T]+ 1)7 F(T[v T]’y T]’+ l)))

(5-5)

[ < i < j < n, where 62(¢) are the Black caplet volati-
lities and

Cov ,(F,G) = E[FG| f,] — ]E[F1 ]—",]]E[G| ]—"t].
This formula can be used to reduce the numerical ins-

tabilities observed in the calibration procedure, see the
next section.

B VI. LIBOR CALIBRATION

The goal of calibration is to estimate the volatility
functions

<

Y,(t) = Rd, 1< n,
appearing in the BGM model from the data of caps and
swaptions prices observed on the market. This involves

several computational and stability issues. Let

9:@®) =10 -y, @), i=1,...n,
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and
B VCERA0)

0 = GO O PO -, )7

@ -v,0

9,09,

Lj=1,...,n

We use the Rebonato [6] parameterization:

gl(t) = Cig(T,» - t), i: 1,...,72,

where

g) =g+ A +at—ge?, abg,>0,
and the correlation coefficients o; are time independent
and parameterized by m;,m, and o.., as in Relation [13]
of [7], i.e.

_ li—jl
O = EXP\™ 1
(n 2H+R2+i+8n—1DG+) +2m2—n—4
1

(n—2)(n—23)
P+ A+ 3)E+) + 8+ 2
2 (n—2)(n—23)
- lngOO))) l.’j: 17"'7”7

see also § 2.3.4 of [8]. After equating

P OF = 7 [ 0 v ds

T;
= 7T.1— tft g%(s)ds

as in (5.1), one obtains from (5.4) the expression

6, (66,9 oy g, P

i1 o 00 OFCT, T DFGT Ty L) [Ty
- 9,99y () ds
, ,

Wei (r; - t)‘ SGT,T) ‘2

it o Oof Oof 0ol O OPCTL T DPCTE Ty )
A W=

(Ti - t)‘ ST, T].) ‘2

Figure 6.1. Computed swaption
volatilities

0.2 -
0.18
0.16 -
0.14 -
0.12 -
0.1 -

of g, (¢) as a function of 6,9 .., Ny, My, Oory Where

T.
mm]; lg,(S)glf(S)ds

o O = 7 i
\/'/; g%(s)ds\/j; glz/(s)ds
T;,—t
Q/Tlfu/Tlrft'/(; ! (goo+(lfgoo)e7bs)2ds

- T —t Tp—t
f oo + (1= ge)e 92ds f Geo + (1= ge)e P9 %ds
0 t

and a is set equal to 0.
Following again [7] we minimize the mean square
distance

RMS (6,9 o My Ny 000): =

a? ()

9 koo (0B () — 0, () ’

where n is the number of tenor dates (in multiples of one
year) and kis the maximum number of swaption maturities
used in the calibration, with non-available data treated as
zero in the sum. The data of discount factors and swap
rates are interpolated with a fixed tenor 6 = half'year.

Minimization is done using the Broyden-Fletcher-Gol-
dfarb-Shanno (BEGS) gradient descent method for non-
convex objective functions. The volatilities computed in
this way are given in Figure 6.1, where the index i refers
to7; —tandjrefersto 7, — T;:

The next graph (Figure 6.2) allows us to compare the
estimated and computed volatilities:

Wealso applied the more stable MSF calibration algorithm
designed in [7] from the market swaption formula. For
this the correlations Cor ,(F(T,, T}, T, ), F(T,, Ty, T )
appearing in (5.5) are estimated by

Cort (F(Tp T]; T]+ 1)7 F(Tp T]’» T[’+1))
T;
ft g(T,— s)g(T, — s)ds

) \//I-Tigz(TI*s)ds\//t-Tigz(T,*s)ds

Oy (t) ,

Figure 6.2. Comparison graphs
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Figure 6.3. Numerical results

UpToMat #swaptions b g- n % | o, |RMS
1 10 5.03 | 0.85 | 1.95 | 0.15 | 0.010 | 0.008
2 20 5.03 | 071 | 2.00 | 013 | 0411 | 0.010
3 30 5.04 | 073 | 1.86 | 013 | 0.08 | 0.010
4 40 5.03 | 072 | 2.00 | 0.09 | 0.09 | 0.010
5 50 504 | 070 | 1.27 | 0.03 | 0.06 | 0.011
6 60 5.03 | 0.65 | 0.56 | 0.00 | 0.03 | 0.011
7 70 5.02 | 0.60 | 015 | 0.00 | 0.01 | 0.012
8 8o 5.02 | 0.60 | 0.01 | 0.00 | 0.09 | 0.012
9 90 5.02 | 072 | 070 | 0.00 | 0.01 | 0.013
10 100 5.04 | 0.63 | 0.01 | 0.00 | 0.01 | 0.012
12 110 5.03 | 0.05 | 0.01 | 0.00 | 0.004 | 0.012
15 120 5.03 | 1.00 | 0701 | 0.00 | 0.002 | 0.014

which yields an expression of 6" (¢) as a function

OMSE (1,5, cop My My Oco)

0f 5,9 ooy Ny Moy Oco, If- [7]. The mean square distance asso-

ciated to the MSF formula is then defined as
RMSMSE (b, g oy Npy My ) =

n GB (t) — GMSF (t)
/<n—1>(n—z),21]§1( =10) )

and we minimize the objective function
RMSMSF (b, g o, My, Mg, 0c0) Max (RMS (b, oy My M, 0c0),
RMS MSE (bygoo’ ’nly 'ﬂz, poo)) .

Figure 6.4. Smile data for caps

A sample of joint numerical estimation of the five
parameters (5,9 .., T, Ny 00) 1S given in the next table
(Figure 6.3), where the maximum number k of swaption
maturities used in each calibration is denoted by UpTo-
Mat. The total number of swaptions used is bounded by
nk —k(k+1)/2.

Our program allows the user to choose the parame-
ters to be estimated, and calibrating less parameters at
a time while fixing the values of the others yields more
stable results. The program also makes use of available
smile data given by shifts of volatilities according to the
following tables, for swaptions in Figure 6.4:

Vol Cap CMS Smile 2Y Shift compared to ATM
[ -5 -2 -1 E 0,25] 0] 0,25 0,5 1 E E 10] 20|
1Y 17,65 3,75 1,25 0,25 0,25 0,35 0,3 0,1 0,45 1,55 5,69 11,4] 16,65
5Y 14,4 1,9 0,5 1,9 -1,9) 2,1 2,1 -2 -1,95) -1,7] 1,9 5,9 10,1
10Y 9,6] 0,4 -1,7] -2, 2,75 2,95 2,9 2,85 2,8 2] 0,3 3,55 7.4
[15Y 8,1 -0,3] -1,9 2,9 -2,7] 2,85 2,85 2,8 -2,7] 2,09 0,19 3.1 6.5
20y 6,63 0,78 -1,88 2,3 2,48 2,58 2,58 2,53 2,48 2,13 0,03} 2,73 5,73
30Y 5,05 1,3 2,09 2,19 2,25] -2,25] -2,25] 2,25 -2,25) -2,7] 0,25 2,15} 4.,8]
10Y

-5| -2 -1 -0,9 -0,25 0| 0,25 0,5] 1 _ZI 5 10] 20
1Y 17,65 3,75 1,25 0,29 0,25 0,35 0,3 0,1 0,45 1,75 59 11,9 17,3
5Y 13,5] 1,9 -0,7] -1,55 -1,9) -2 -2 -1,85| -1,55 -0,9 2,79 6,95 11,05
10Y 8,9 0,1 -1,6 2,3 2,35 2.4 2,4 2,3 -1,95 -1 1,7 5,25 8.8
[15Y 6,8 -0,85] 2,1 2,4 2,55 2,65 2,51 2,45 2,05 1,9 14 4,6 7,75
ooy 5.4 -1,05 2.1 2,25 -2,3] -2,35 2,3 2,2 -1,8] -1,15 1,3 4,2 7
30Y 3,8 -1,55 2,09 -2,09 2,05 -2,05 -2 -1,9 -1,7 -1,09 1,1 3,6 6,
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and for caps in Figure 6.5:

Figure 6.5. Smile data for swaptions

CALIBRATION OF THE LIBOR MARKET MODEL - IMPLEMENTATION IN PREMIA

Vol Cap Libor Smile 1M Shift compared to ATM
| E| -2 -1 0,5 -0,25] 0) 0,25] 0,5 1 2] E 10 20|
1Y 2g| 6,5 2,75 1 0,5 0| 0,05 0,1 0,15 0,5 3,5 7] 10,5)
5Y 17,75 4.7 1,79) 0,6 0,15 0 0,05 0,05 0,1 0,4 3,2 7] 10,5)
10Y’ 15,5) 3,@ 0,9 0,3 0,05 0| 0,03 0,05 0,05 0,25 2.3 5,5 gl
30Y 9 1,75 0,25 0,15 0 0 0) 0) 0,05 0,1 e 4 6]
3M

-5 -2 -1 0,9 -0,25] 0) 0,25 0,5 1 2] E 10 20]
1Y 20) 6,5 2,75 1 0,5 0| 0,05 0,1 0,15 0,5 3,5 7] 10,5}
5Y 17,75 4,7 1,79) 0, 0,15 0 0,05 0,05 0,1 0,4 3,2) 7] 10,5)
10Y 15,5) 3,75 0,9 0,3 0,05 0| 0,03 0,05 0,05 0,25 2.3 5,5 g}
30Y 9 1,75 0,25 0,15 0| 0 0| 0f 0,05 0,1 1,9 4 6]
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