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Ml I. INTRODUCTION

The analysis of structured financial products often leads
to the pricing of exotic options. For instance, consider a
re-callable convertible bond. The holder typically wants
to recall the bond if ever the underlying stock has been
traded above or below a given level for too long. Such
a contract can be modelled with the help of Parisian
options. Parisian options are barrier options that are
activated or cancelled depending on the type of option if
the underlying asset stays above or below the barrier long
enough in a row. Parisian options are far less sensitive
to influential agent on the market than standard barrier
options. Itis quite easy for an agent to push the price of
a stock momentarily but not on a longer period so that
it would affect the Parisian contract.

In this work, we study the pricing of European style
Parisian options using Laplace transforms. Some other
methods have already been proposed. On path depen-
dent options, crude Monte Carlo techniques do usually
not perform well. An improvement of this strategy using
sharp large deviation estimates was proposed by Baldi et
al. (2000). Techniques using a two dimensional partial
differential equation have also drawn much attention,
see for instance the works of Avellaneda and Wu (1999),
Haberetal. (1999), or Wilmott (1998). The PDE approach
is quite flexible and could even be used for American style
Parisian option but the convergence is rather slow, which
is badly suited for real time evaluation. In a quite similar
state of mind, tree methods based on the framework of
Cox et al. (1979) were investigated by Costabile (2002).
An original concept of implied barrier was developed
by Anderluh and van der Weide (2004), the idea is to
replace the Parisian option by a standard barrier option
with a suitably shifted barrier. The idea of using Laplace
transforms to price Parisian options was introduced by
Chesney et al. (1997). Their work is based on Brownian
excursion theory in general and in particular on the study
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ofthe Azéma martingale (see Azéma and Yor (1989)) and
the Brownian meander. The prices are then computed by
numerically inverting the Laplace transforms. An ori-
ginal way of doing so was proposed by Quittard-Pinon
et al. (2004). They approximate the Laplace transforms
by negative power functions whose analytical inverse is
well-known. But, there is no upper bound for the error
due to the inversion.

In this work, we give the formulae of the Laplace trans-
forms of the prices of the different Parisian options ready
to be implemented. We also derive the formulae for the
prices at any time after the emission time. We prove an
accuracy result for the numerical inversion of the Laplace
transforms to find the prices back.

First, we define the Parisian contract and introduce
some material related to the excursion theory. Then, we
present a few parity relationships which enable to reduce
the pricing of the eight different types of Parisian options
to the pricing of the down and in call — when the barrier
is smaller than the initial value — and the up and in call -
when the barrier is greater than the initial value. The
Laplace transforms of the prices of the two latter options
are computed in Sections 4 and 5. Section 6 is devoted
to the pricing at any time after the emission time of the
option. Atthis stage, we are able to compute the Laplace
transforms of the prices of all the different Parisian
options, we only need a method to accurately invert them.
In Section 7, we study in details the numerical inversion
of Laplace transforms as introduced by Abate and Whitt
(Winter 1995) and prove an upper bound for the error.
Finally, the last section is devoted to the comparison of
our method with the enhanced Monte Carlo method of
Baldietal. (2000) whose implementation in PREMIA has
been used for the comparison. We have also implemented
our method in PREMIA.

Bl II. DEFINITIONS

2.1. Some notations. We consider a Brownian motion
W = {W,t = 0} defined on a filtered probability space
(Q, F,Q), which models a financial market. We assume
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that Q is the risk neutral measure and that 7 = (F)), -,
is the natural filtration of W. We denote by T the maturity
time. In this context, we assume that the dynamics of an
asset price is given by the process S

Vit e[0,T] St = xe(7*6*02/2)t+0Wt’

where » > 0 is the interest rate, 6 > 0 the dividend rate,
0 > (O thevolatilityand x > 0 the initial value of the stock.
The Cameron-Martin-Girsanov Theorem (see Karatzas and
Shreve (1991)) enables to state the following proposition
for a finite time horizon [0, 7] with T > 0.

2
Proposition 1. Let m = ég —0— 6—) and P be a new
probability, whichmakes Z = {Z, = W, + mt,0 <t < T}
a IP-Brownian motion. The change of probability is given by

and under P, the dynamics of S is given by
Vit e[0,T], S,=xe.
Remark 1. Since the drift term linking W and Z is deterministic,
JF, is also the natural filtration of Z.

Before explaining whata Parisian option is, we introduce
the notion of excursion.

Definition 1 (Excursion). Forany L > O and £ > 0, we
define
g7, =sup{u <t:S,=L}
dj,=inf{lu >t:S,=L}"
with the conventions sup # = 0 and inf § = + oo. The tra-
jectory of S between g7 , and d7 , is the excursion at level L,
straddling time t.
Obviously, such an excursion can also be described in
terms of the Brownian motion Z. For a given barrier L for

the process S, we introduce the corresponding barrier b
for Z defined by

b= glog(%).

Figure 1. Excursion
of Brownian Motion
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Definition 2 (Stopping times 7', 75 and 7). Let b € R
and t > 0, we define the hitting time of level b by

T,(2) = inf{u > 0:Z, = b}.

In order to define T, (Z) and T} (Z), we introduce g% and
db
' gt =sup{u < t:Z, = b},
di=inf{lu>t:7Z,= b}~

Let Ty (Z) denote the first time the Brownian motion Z makes
an excursion longer than some time D below the level b

T, (2) = inf{t >0:(t—g)Vzen = }
For the excursion above b, we define
T;(2) = inf{t > 0:(t = 9)) 12,4 = D}. 69]

When no confusion is possible, we write ', T and T instead

of T,(2). T (2) andT} (2).

Remark 2. Notethat g¢ = g7 , and d} = d¥ ,. Moreover,
we can also write

T,(Z) =inf{t > D:Vs € [t — D,t]Z; < b}.

Definition 3 (Laplace transform). The Laplace Transform
of a function f defined for all £ > 0 is the function f defined by

JQ) = foﬂoeﬂff(t)dt.

We also recall an elementary property of the Laplace
transform of the convolution of two functions.

Proposition 2. Let fand g be two functions defined on R* whose
Laplace transforms exist on (0, ) and (o, o) respectively,
then the Laplace ttransform of the convolution f* g defined by
(f+9)®) = [ gafit — wduedistson (max (0 ,3,), )
and is given by

Fa() =Fgk).

Parisian options can be seen as barrier options where
the condition involves the time spent in a row above
or below a certain level and not only a hitting time. As
for barrier options, which can be activated or cancelled
(depending whether they are In or Out) when the asset
S hits the barrier, Parisian options can be activated (In
options) or cancelled (Out options) after S has spent more
than a certain time in an excursion. Parisian options are
defined in the following way

Definition 4 (Definition of 6, % and d). In the following,
we define
_ 1, (K) ,_b—k
0=v2h, k=glog(K) a=Lk
Definition 5 (Parisian Options). A Parisian option is defined
by three characteristics:

B Up or Down,
M In or Out,
M Call or Put.
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Combining the above characteristics together enables to distin-
guish eight types of Parisian options. For example, PDIC denotes
a Parisian Down and In call, whereas PUOP denotes a Parisian
Up and Out put.

In the following section, we present Parisian Down
options.

2.2. PARISIAN DOWN OPTIONS

2.2.1. Parisian Down and In options

The owner of a Down and In option receives the payoft
if and only if S makes an excursion below level L older
than D before maturity time T. The price of a Down and
In option at time 0 with payoff $(S) is given by

e TEq (d)(ST) {ry < T})

= ¢ (r+ )TE ( {T <T}<l>(xe“ZT)emZT)

(2)

For the sake of clearness, we introduce the following
notation

Definition 6 (the star notation). For any function f, we
define
1
£@ = elr ). 3)
From (2), we define the price of a Parisian Down and
In call.

Definition 7 (Parisian Down and In call). Let PDIC
(x,T:K,L;1,0) denote the value of a Parisian Down and In call.
Then,

PDIC(x, T} K,L; r,0) =
e (rHm?)TE p (‘I] {ry < ) (xe??T — K)+e’”ZT).
Using notation (3), we obtain

PDIC*(x,T; K, L; 7,6) =
By (Vry < 1) (xee?r — K)'er71).

2.2.2, Parisian Down and Out options

A Down and Out Parisian option becomes worth-less
if S reaches L and remains constantly below level L for a
time interval longer than D before maturity time T. The
price of a Down and Out option at time 0 with payoff
$(S7) is given by
e TEq(0(S7) Uy > 1))

“4)
=e (’* )T]E e (Vry > 1} o (xeo?T)em?r).
From (4), we define the price of a Parisian Down and

Out call.

Definition 8 (Parisian Down and Out call). Let
PDOC(x,T:K,L;r,5) denote the value of a Parisian Down
and Out call. Then,

PDOC(x, T; K, L; r,0) =

e (rym2) TR - (1] {15 > 1) (%e%T — K)+e’”ZT)

Using notation (3), we obtain
PDOC*(x, T K,L;r,d) =
E P (1] {Tg > T} (XEGZT - K) + e'”ZT)'

B [II. RELATIONSHIP
BETWEEN PRICES

Parisian option prices cannot be computed directly. We
are only able to give closed formulae for their Laplace
transforms w.r.t. the maturity time T. As we have seen it
in the above definitions, Parisian option prices depend
on many parameters. The computation of the Laplace
transform of one option price (say PDOC) w.r.t T requires
to distinguish several cases, depending on the relative

positions of x, L and K. The sign of b(z %10g<%))
plays an important role. In Section 3.2, we explain why
computing thevalue of PDOC’ when b > 0 can be redu-
ced to computing the value of PDOC with b = 0. As
we will see it in Section 3.1, there also exists an In and
Out parity relationship between the prices. This means
that we can deduce the value of PDOC* from the value
of PDIC . The following scheme explains how to deduce
the Laplace transforms of the different Parisian call prices
one from the others. Moreover, in Section 3.3, we state a
call put parity relationship, which enables to deduce the
Parisian put prices from the corresponding call prices
through the Black Scholes formula.

3.1. IN AND OUT PARITY

This part is devoted to make precise the way we com-
pute the value of PDOC " from the value of PDIC ". The
technique developed below remains valid for Parisian Up
calls. We recall Definitions 7 and 8,

PDIC*(x, T; K, L; 1,0) =
Ep (1] {1y < 1} (xe?T — K)+e’”ZT)
PDOC*(x,T:K,L;7,0) =
Ep (1] {ry > ) (Xe?T — K)+e’”ZT)
By summing the two previous equalities, we get
PDIC *(x,T; K,L; r,d) +
PDOC *(x, T; K, L; ,0) = (5)
E (xeo?r — K)' em?r).

Definition g. Let us define

BSC (x, T\ K, L;7,0) = Ep ((xeo?T — K) em?r).

BSC is the price of a Black Scholes call option.
From (5), we get
PDOC “(x,\; K, L; 7,0) =
BSC "(x,\; K: 7,0) — PDIC* (x,; K, L; 7,).

_Then, if we manage to get closed formulae for both
PDIC " and BSC ', we can easily deduce a closed for-
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mula for PDOC . Since the pricing of a Parisian option
can only be achieved through the numerical inversion
of'its Laplace transform, it makes sense to compute the
Laplace transform of BSC — even though it can also be
accessed through the Black Scholes formula (see Black
and Scholes (1973)) —to be able to implement the differ-
ent parity relationships straightaway.

_The following proposition gives the value of
BSC (x,\K;7,0).

Proposition 3. For K > x,

BSC ' (x,k; K:7,0) = %e('”_e)k<m = 0 m +1f - 9>
For K < x,

. 2K 2
BSC (x,A K;7,0) = m>— 0  (m+ (32_ 0?

Ke(m+e)k/ 1 B 1 > :
0 \m+0 m+o+0

+

k is defined in Definition 4.
Proof. From Definition g
BSC*(x,T; K;r,0) =

[e’e) 22 .
fjoo emz(x ez — K)© «/Z}T—Teiﬁdz

Then,
BSC "(x,A; K; 7,0) =

+ o mz - L [t o At
Lwe (x ez — K) j(; o

The computation of the second integral on the right
hand side is given in Appendix B. Combining (20) and
(6), we find

22 6
“ordt dz. ©)

—_— co —|z10
BSC (x,\K;7,0) = ]: emz(x 02 — K)erz (7)

B In the case K = x,k = 0 and the result easily
follows.

B Inthecase K < x,wesplitthe integral in (7) into two
parts

—x 20
BSC (x,\;K;r,0) = fkoemz(x ez — K)%dz +
6739 )

foooe’”z(x e’ — K) 0 dz

and an easy computation yields the result. [ ]

3.2. REDUCTION TOTHE CASEH = (

Assume that we know the value of PDOC "~ with
b = 0. This section aims at proving that computing
PDOC with b > 0 boils down to computing the value

Figure 2. Computation scheme of Parisian option prices

PDIC " with b<0

PDOC " with b<0

| PBOC " with b >0 |

| PDIC " with b>0 |

In and Out parity

reduction to the case b=0
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PUIC " with b= 0

PUOC " with b= 0

| PUGC " with b<0 |

| PUIC " with b <0 |

Nerical inversion

| call prices at time 0 |

|

some parity relationships

|
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of PDOC "with b=0, as suggested in Figure 2. First, we
state a Proposition which links PDOC  with b > 0 to
PDOC* with b = 0.

Proposition 4. The price of a Parisian Down and Out call in
the case b > 0 is given by
PDOC*(x, T3K, L;7,d) =
Lew [ PDOCO(T — w; K/ Lir, ), (du)

where v, (du) is the law of T, and
PDOC ~9(T;K;r,8) =

Remark 3. Note that PDOC-(T:K;r,d) =

PDOC(1, T:K,1;7,0).
Proof. First, we recall the value of PDOC*

PDOC*(x, K, L;r,d) =
Ep (1] {15 > ) (x €977 — K)+emZT>.

Since Z starts from 0 and b is positive, 7, < D on the
set {7, > T}.Infact,if T, were strictly greater than D,
itwould mean that Zwould not have crossed b before D
and then 7', would be equal to D, which is impossible

since we are on the set{7; = T}, and 7" > D. There-
fore, we can write

PDOC*(x, T, K, L;7,0) =
Ep(ﬂ {r5 = 1} Vr, < p} (x €T — K)+esz>'

Introducing Z,, we can also write

PDOC" (x, T;K, L;7,) =
Ep(ﬂ{TbSD}EP[ 1 {15 Tp=T— Ty}
(x 92T~ 2T, + b — K)+em(ZT72Th+b)‘ FTbD'

To compute the inner expectation in the previous
formula, we rely on the strong Markov property. Let
B={B,=Zy, ,~ Zr,t = 0}. Bis independent of
Fr,and one can easily prove that 7', (Z2) — T),(Z) =
Ty (B)as.ontheset {T, > T}.

Hence, we find

PDOC*(x, T;K, L;r,d) =
B[t < ofE[t - -0
(x eo(Br—1+0) — K)+€m(BT_l+b)]|t: T[,]

We get

PDOC* (6, LK. Lird) = [ By (Vry = 1—.)

(x eO(BT—y+0) — )+em BT, +b) U«b(du))

where 1, (du) is the law of 7). As b = gh(%), we get
PDOC " (x, T:K, L;7,3) = Lembf e (1rg = 17—}
(eGBT*u — K/L) e’”BT*u>u,,(du),

and the result follows. [ ]
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Ep (1] {rg = 1) (€9%T — K)+e’”ZT>.

By using Proposition 4, we can state the following formula
for the Laplace transform of PDOC *(x, T;K,L;7,d).

Proposition 5. The Laplace transform of PDOC* when
b > 0 is given by
PDOC " (x, MK, L7, d) =
LenPDOC ™ (M K/Lird) [ M, (du),
where
j(;De*“’ub(du) =e N (6«/5 —
b
06 A/ — __0
+enN (~0/D — L),

Proof. From Proposition 4, we have

/)

PDOC*(x, T:K, Lir,8) = ¢ 7 Lent [V PDOC*
(T — w; K/L;r, 0wy, (d) 1 pyy-
Using Proposition 2, it is quite easy to show that
m'(x,?\;K,L;r,(?) =
Lemb _/()Dub (du)e— 7‘”I‘i)w*’o(k;l(/l,; 7,9).

We refer the reader to Appendix A for the computation
off v, (du) e, ]
3.3. CALL PUT PARITY

In this part, we explain how to deduce the put prices
from the call prices using a parity relationship.

Proposition 6. The following relationships hold

PDOP(x, T;K,L;r,0) = xK PUOC ( , ’K L’ r),
PUOP(x, T:K, L;r,d) = xK PDOC < ’K L’ r),
PUIP(x, T;K, L;7,6) = xK PDIC (7, T’K L’ )
PDIP(x, T:K,L;r,d) = xK PUIC < ’K L’ )

Proof. Let us consider a Parisian Down and Out put
PDOP(x, T\ K, L;r,0) =

E(emZT(K — xe927)" 1 (15> T})e‘<’+mTZ)T.

One notices that the first time the Brownian motion Z
makes an excursion below b longer than Dis equal to the
first time the Brownian motion — Z makes above — b an
excursion longer than D. Therefore, by introducing the
new Brownian motion W = — Z, we can rewrite

PDOP(x, K, L;r,8) = Ele "W (K — x ¢~ oW1)"

2
—\r+22)7
1, et )

= xK E(g=m+o)Wy

R )

el
Letus introduce m’ = —(m + 0),d" = r,r’ = dand
b = — b. With these relations, we can easily check that
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) ry 2
m’—1<r—6’ >andthatr+ 9 —r+7g

Moreover, we notice that the barrier L’ corresponding
b’ = — bis T

s owp(€T 1Y
Therefore Ele (mto T(T—7> 1zt > 1)

e—( )r is 1n fact the price of an Up and Out call
PUOC(x, ’K L’6 r) Finally, we come up with the
following relation

PDOP(x, T:K, Lir,) = xK PUOC( %, T 716.7).

The three other assertions in Proposition 6 can be proved
in the same way. [ ]

H IV. VALUATION
OF PARISIAN CALL OPTIONS

Looking at Figure 2, we notice that we only need to
compute PDIC w1th b <0 and PUIC with b = 0.
With these values we can deduce the prices of all the other
Parisian call options.

4.1. THE VALUATION OF A PARISIAN
2OW(;‘I AND IN CALL OPTION WITH
<

Before Computing the Laplace transform of PDIC*
in Section 4.1.2, we state some preliminary results in
Section 4.1.1. We give a new expression for PDIC" in
Proposition 7 and we state in Lemma 1 a key result for
the computation of PDIC .

4.1.1. Preliminary results
Proposition 7.

PDIC" (x, T:K, L;,0) = fk Zem(x e — K)hy (T,y)dy,

where
b bh— z—bP
hy (ty) = Lmeze‘ i Y (tz—y)dz,
and y
X
ey ¢ oft—15)
v (tx)=Ep ’U{T5<t}m .

Proof. Remember that the value of PDIC* is given by
PDIC*(x, T;K, L;7,d) =
Ep (1] {15 < 1} (x €927 — K)+emZT>'
By conditioning with respect to -, we can write
PDIC*(x, K, L;r,d) =

ry < ) Eplx e?r= 2154 715) — K11,

P\ pml(Zr = Zry + ZT;)| FT,;]

First, we deal with the conditional expectation. Let
B,=Z Ty 4
Fry - So, we obtain

Zry for t = 0. B is independent of

EP[(JC eU(ZT_ZTb""ZTb’) — K)+em(ZszT;+ZT;)‘ FT[T] =

Eplx eoBr—<+2) — ) omiPr+ Z)]\Z= 2T =1y

and

Ep[x eo(BT—<+2) — K) em(Br—<+2)| =

([ et e e ).

Hence, we get
PDIC * (x, T;K,L;r,8) =
Ep(ry < 1Pr— 15 (SN Zry))’

with
fo(2) = emz(x e — K)',
and
Po(f)2) = ﬁ I fx(u)exp<— ”;—f)z)du

As recalled by Chesney et al. (1997), the random variables
Zry and T are independent.
Denoting the law of Z - by v~ (dz) leads to

= [ Er (b < 7)
Pr_ gy (F)@)v (da),
= [* F)hy (Ty)dy

PDIC*(x, T;K, L;7,0)

where

(z—y)
ool 5 -7

J2m(t = Ty)

by (y) = /;OOOOEP Viry <4}

v (dz).

Using the expression of v~ (dz) given in Appendix C,
we know that

(z b)2
p (Ly) = f b
P o i ,
2At—15)
Ep 1]{be< t}m dz
and the result follows. [ ]

Definition 10. Let y: R — R denote

o 2 2
#(z) = j(‘)+ xe grady =1+ z@e%]\f(z).

Remark 4. For the numerical inversion of Laplace transforms, it
is important to notice that ¢ is analytic on the complex plane.
We can easily prove the following Lemma.

Lemma 1. Let K, p:R — R be defined as

+ co 02
K, pla) = /0 ve—3p—la— vy,

Then, e Dy(—0vD) if a =0,
e % Dy(0v' D) — DOv2rD M
K pla) = {N (9/5 - %)ef"” +
N <— 0v/D — %)ee“} otherwise.
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4.1.2. The Laplace transform The integral /, can be split into three terms

of PDIC *(x, T:K,L;1,d).

[21

Dy(0 x/ﬁ)fkb ey (x e — K)edv—b)dy,

- - — Do/ AD
Theorem 1. The value of PDIC  is given by the following T bD Bv2nDe b
formula fk e (x e — K)o =N (9@ - ﬁ)dy,

. o Iy = — DOYZrD e

PDIC (x, A K, L;7,0) = Dop(0VD) ®) j;bemy(x e — K)edb=IN (* 0vD — %)dy.

/,; e (xe® — K)K; p (b — y)dy. An easy computation leads to

I, = Dp(0VD)e 9
(m + of a
Forany A > ~——5—— and for K > L, we get { o em[ L K ] (n+ Ok
2 ¥ o F0  m+ol TR

PDIC "(x, 5K, L;7,8) = [ 11 ]}

”(_em)@be[{amfe)k( 11 ) ) m+6 mto+d
046V D) m—0 m+o—0 I, and I, are computed in the following way: we

22 23

for K< L change variables (we introduce v = v D — b~y (for

the valuation of 1,,)) and we use the following equality

(m + 0)b 22
BOIC (v )\ K T~ _entn
PDIC (x,M;K, L;7,0) $(07D) alaz Nw)ebody — %
2
(—ZZK 5 p(my/D) — mv/2zD eDmT‘ [N(a2)e”2” — May)e2b — eb_zz(N(az —b)— N(a, — b))],
m = ®| Ny D + d)
#(m + 0)WD) — (m + o) fora,a, b € R,b+ 0anda, < a,.

_% JorD eBm+ o7 We refer to Proposition 11, to prove that A must be
(m+or—8 N (om + o)VD + d) greater than M. Let us prove (8). Using Propo-
Ken O 1 1 ) (10)  sition 7, we get
0p(0vyD)\m+6 m+o+0 '

[#(6¥'D) — 6v2zD &> N6VD — d)] PDIC "(x,\; K, L;7,0) =

+6M()7 %)K o200 om =k N(— d — 0vD) foooemy(x e — K)](;ooe—“h;(t,y)dtdy.
0V D

< 1 _ 1 ) Wewouldliketocompute /2, (A,y) = ./(')Ooe*“hb*(t,y)dt.

mt+o—0 m—0 Using the definition of /%, (¢, y) in Proposition 7 yields
Proof. (9) and (10) easily follow from (8): ﬁ (y) = f_b b B z, (z;Db)z fooo My (e — )i d.

m if K>Lb—y<0Vye€ [koo). Then, using

Lemma 1 and (8) yields So, we need to compute the Laplace transform of

Y (tx). ,
PDIC . . — - - e
PDIC (x,?x,zg,L,r,é) = fo ey (4 x)dt = By fT—f“ ot Tb)f al
ﬂ(— Bm)e © m—0) oy b 27T(t - Tb)
7[ e v(x e — K)dy,
00V D) . L
The change of variables . = t — T, gives
and the result easily follows. 2
o . o o — co u 6727
m if K < L, b — yis positive on [k,5] and negative on ,/(; e My (tx)dt = By (e )f e /ZKZ du.

0

[, 90). We have to split the integral . )
Using results from Appendices A and B, we get
e - (l x|—5)0
My (fa)dt = S
Jy"e e ot =g s

= j:ooemy(x e — KK, p(b— v)dy.

appearing in (8).
PP & Thanks to (11), we can rewrite
b
1= emteen = BOKyp (o = )iy ' 6 — e 1o,

= _ e
by u2) = 5es67D)

+ [ Temxen — K)Ky (b — y)dy AL, + 1.
b - By changing variables v = b — z, we obtain

+ co
I. = Dyp(— 0/ D)ed my 0y — K)oy = — o v
1 $(— 0V D)e fb e (x e Je h;(k’y):eibe/ ue*%*lb*”*y\edv,
K L DOy(6+/ D)0
Dﬁ(_em)em(m -0 m+to— 9)'
and (8) follows. [
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B V. THE PARISIAN UP CALLS

This section is devoted to the computation of the Laplace
transforms of the Parisian Up call prices. We will go exactly
through the same points as in the previous section but
dealing with an Up and In call with 4 > 0 instead of a
Down and In call with 6 < 0.

5.1. THE VALUATION OF A PARISIAN UP
ANDINCALLWITH b = 0

The owner of an Up and In option receives the payoff
if S makes an excursion above the level L longer than D
before the maturity time T, which is exactly the same as
saying that the Brownian motion Z makes an excursion
above b longer than D. Using the previous notations, the
price of a Parisian Up and In call is given by

PUIC* (x, T:K, L;7,5) =

Ep <1] {rf <1} (x e9?T — K)+eMZT)’

where T/ is defined by (1). The valuation of M in
the case b = (0 is similar to the valuation of PDIC in
thecase b < 0 (see previous Section). Before Computing
the Laplace transform of PUIC* in Theorem 2, we give
a new expression for PUIC".

Proposition 8.

PUIC* (%, T3 K, L;7,d) = fk Zem (x e — K)hi (T,y)dy,

where
ki (ty) = /wz_be Lo “{(tz—y)dz,
and 2
eiz(t— 5)
yHit,x)=FE ﬂ{T;<t}m .

The proof of Proposition 8 is the same as the proof of
Proposition 7. We only need to replace 7' by T .

Theorem 2. The value of PUIC " is given by the following
formula

PUIC " (x, K, L;7,0) =

e 0 oo '
m'/l; e (x e — K)KA,D (y — b)dy
Forany A > M,wegetfor[{> L
' _op_¥21D
PUIC " (x, MK, L; 7,8) = 2¢tm— 0%
VI bty = e #(6+/D)
e Dot N (D + d)
,m m+g>2(m+o)N((m+o)F+d)]
— 200
j@ijﬁ)[{ew”)k@w%/\/(d—em)

(-
m+o+0 m+0
(m — 0)k 1 1
9;(9/_)K<mf6_m+0f9)
(3(0VD) — 0/22D PN (d + 0¥ D))

andfor K < L

PUIC (x. MK, Lir,d) = 262
(AR Lind) =G D)
Lezlff(m«/ﬁ) — ﬁt’((in + 0)/5)] .
MK (m+6)k< L 1 )
0p(0v/D) +0 m+0+to

Even if the computations involved in the proof of Theo-
rem 2 are different from the one of Theorem 1, we dare
omit the proof here as the scheme of the proof of Theo-
rem 1 applies to the case of Up and In call.

W VI. PRICES AT ANY TIME ¢

So far, we have explained how to compute the prices at
time 0 of the Laplace transforms of the different Parisian
option prices w.r.t. maturity time. From a practical point
of view, the real stake is to be able to hedge these options.
This requires to compute the option prices at any given
time t between 0 and the maturity time T. In this part, we
explain how to deduce the prices at any time ¢ > 0 from
the prices at time 0.

In the following, we have chosen to focus on the Down
and In call but the formula we obtain can easily be extended
to the other options by means of parity relationships. We
assume in the following computations that the relevant
excursion has not occurred yet, otherwise the Parisian
option has turned into the corresponding vanilla option
and its price at time t is of common knowledge.

6.1. DOWN AND IN CALL.

We introduce the r.v. D, to count the time already spent
in the excursion below b straddling time t

D _ t—gy i S, =0,
£ 0 if S, > b.

Note that D, is F, _ measurable.
Let PDIC(t,D,S, T:K,L;r,d) be the price of a Down
and In call at time t. We know that

PDIC(t,D,,S,, T:K, L;7,8) = e~ "T=0

IE}Q((x eoWr+mT) — K)+1]{TES T}‘}'t) (x2)

Proposition g. On the set {77 > ¢},
PDIC(t,D, S, T;K, L;1,0)
m2 ,
= e*(”T)T
mZir (o o027 — K)F
{1]{5[>L}]E<e T (x o1 — K) ﬂ{T,FST,})
s, <y ¥ (p-p,= 1)
E(esz’(x e?1 — K)'1 (1= D,d})

|x= St

x=S,d=0D,
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{Thsi=0® 13)

(emZ’T’(x el = K) gy p-a) Uy < T’})

where Z” is a P — Brownian motion independent of F, and

1 L
T7"=T—t b ==I (—),
¢ n S,

T, =T ,;(Z), Ty=TyZ)

Proof. We can change the probability measure as we
did at the beginning to make Z = {W, + mt;t > 0} a
P —Brownian motion (PP is defined in Proposition 1). £
denotes the expectation under IP. Then, by changing the
probability in Equation (12) we can write

PDIC(t,Dt, Sp K Liv, B)

e g )
=e

12
emthgm t

1
o E(émZtem(ZT*Zt)’Esz(x LT K)+ 1 {Tb— - T} ‘ ]:t>
= e

1.2
emZt—Em t

_ e*(r+m72)(T7t)I:E(em(ZT’Zt)(St o(zr—2z) K)+ 1]{,[‘7S '1‘} | Ft)]‘

b

We introduce Z;, = Z,, ,— Z, forall s > 0. Z'is a
P-Brownian motion independent of F,.

PDIC(t,D,,S,, T:K, L r,5) =
e e
e vty )T ]E(e’”ZT’(Ste"ZT' —K) gy = T}\}})

The indicator 1 {1y < 7} can be split up in several parts
describing the different possible evolutions of Z’ (see
Figure 3). Either Z, is not smaller than 4 and a whole
excursion must be completed before 77, or Z is already
in an excursion below b. In the latter case, there are two
possibilities corresponding to the two curves in Figure 3:

Figure 3. Possible evolutions
of an asset price

26

24 ]

22
20 1
L] ‘

18 ] W"W
16 1
] D
14 ] —
] D
0.0 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1.0
S
gt

\x=S,,d=D,}'

either the current excursion will last longer than D (green
curve), or Z will cross b before D — D, (blue curve) and
a new excursion has to completed before 7". Then, on
theset {7'; > t}, the indicator 1, - 7}, can be rewrit-
ten as follows

W<} = Wz Urg <) iz <o)
("ry = - Vo= 7y TV 1y <00 Yy = 1))

To find Equation (13), itis sufficient to notice that both
T,and 77 areindependent of Z', whereas S,and D, are
JF,— measurable. [

In the sequel, we use the following decomposition
based on Proposition g

PDIC(t,D,,S,, T:K, L;r,d)

mz ’ ’
= e*<’+T)T (Vs> E1(Sp T")
s <y Ea(Su Do T7)
5= 1y Es(Su D T')}

(14)

From Equation (13), we notice that F, is the star price
of'a Parisian Down and In call,

E(x,T") = PDIC*(x, T";K, L;7,0). (x5)

Proposition 10. On the set {7, > t}, the price of a Down
and In call at time t is given by

PDIC*(1,D,,S, T:K, Li7,5) =

Vi oy PDICH (S, T — 4K, Lir,0) +1 5, -

(Yo py= 1 g BSC*(Sp T — LK:r,) (16)
+9(Sp Dy T~ 1))

where the function g is characterised by its Laplace transform

N , D—Dy
G(SpDyN) = emd j(; 1y, () e= M
——— 0 K —
du<L PDIC (?\;f; r,a) _ BSC (L, A;K;r,@)).

Proof. Let us go back to Equation (14). E, is already
known (see (15)) and gives the first term on the r.h.s of
(16). First, we deal with E,, and after with F,.

Step 1 : Laplace transform of F,.

Ey(x,d,t) = E(emZt(x e%t — K)*
Viry=p—alip-da=n)
=Vp-a=pBSC (LK) —1p_g<p
E(emZi(x eo%t — K)* ﬂ{T;,rstd}>
= Ey (x,d,t,) — Ey(x,d,t).

The term £, corresponds to the first half of the second
term on the r.h.s of (16). By conditioning w.r.t .7-}13, and
introducing X, = Z, , 7, — b, which is a Brownian
motion independent of F;,, we get
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Egp(x,dt) =V p_g<pE(Vry<p—a
(E(emXe—cemt' (x et ot goXt—< — K)')| <= Tb’)
D-d ..
=Vp-a=<sn ,/;) er
E(emXt—u(x e eoXt—u — K)Jr)u,,r (%) du,
where y, is the density function of the hitting time
Ty.
Using Proposition 2, it is quite easy to show that
Es(SpD,A) = e BSC (L;\; K;r,d)
D—Dy
fo e M (wdu.

Step 2: Laplace transform of £,. From Equation (14),
Eg(xdt) = E(J”Zt’(x 2t — k) g Ty <D-d) ry< t})

To compute F,, we condition w.r.t Fry, and introduce
X, = Z, 1, — b'.XisaBrownian motion independent
of Fr,,. Hence, we get
E,(x,d,t) = E(E(emZt (x et — K)
Uity < —afl 7 < }| Fry))
= e"E(lypy < pgElemXt-1;
(x e eoXt= 15 = K) Vg < | Fry )
Moreover on the set {T,<D-—d}
"y (2 = Ty (Z) + Ty (X) a.s. Hence, we find
Eq(x,dt) = e’””'IE(ﬂ (1 SD_d}IE(esz— Ty
4 T +
(eev e 11— K) Uyrs < 13| Fiy)
= e"E(l<p gElemXi=s

) +
(x e e0Xt—7 — K) ﬂ{Tgst*f})‘f T;,)

, (D—d ,
= e’”bfo E(emXt—<(x e e0Xt—< — K)

Vg <)) (r)dr)
Using Proposition 2, one can show that

By (x,d,\) = x emt 98 PDIC " (MK e /x;7,d)
D—d
j(; e }\Tllb'('f)d’f

Finally, we get
E5(S.D ) = Lem PDIC " (M K/Lir,d)

DDy .
/(; e My, (Ddt

Noticing that  E4(S,D,\)— Ey(S,D,A) =
9(S,,D,,\) ends the proof. [

6.2, OTHER PARISIAN OPTIONS.

The price attime t of an Up and In call can be computed
by closely following what has been done for the Down
and In call and it is sufficient to replace PDIC by PUIC in
the above formula. All the other Parisian option prices
can be deduced using either an In and Out parity or a call
put parity relationship.

B VII. THE INVERSION
OF LAPLACE TRANSFORMS

This section is devoted to the numerical inversion of
the Laplace transforms computed previously. We recall
that the Laplace transforms are computed with respect to
the maturity time. We explain how to recover a function
from its Laplace transform using a contour integral. The
real problem is how to numerically evaluate this complex
integral. This is done in two separate steps involving two
differentapproximations. First, as explained in Section 7.2
we replace the integral by a series. The first step creates a
discretisation error, which is handled by Proposition 12.
Secondly, one has to compute a non-finite series. This can
be achieved by simply truncating the series but it leads
to a tremendously slow convergence. Here, we prefer to
use the Euler acceleration as presented in Section 7.3
Proposition 13 states an upper-bound for the error due
to the accelerated computation of the non finite series.
Theorem 1 gives a bound for the global error.

7.1. ANALYTICAL PROLONGATIONS

Because the Laplace inversion is performed in the
complex plane, we have to extend to the complex plane the
expressions obtained for the Laplace transforms computed
above. To do so, we introduce the analytic prolongation
of the normal cumulative distribution function on the
complex plane. From Proposition 11, it is quite easy to
show that the expressions obtained for a real value of the
Laplace parameter are still valid for a complex one with
the function  defined by Lemma 2.

Proposition 11 (abscissa of convergence). The abscissa of
convergence of the Laplace transforms of the star prices of Parisian

(m + o)
2

options is smaller than . All these Laplace transforms are

analyﬁconthecomplexhalfplane{2 € C:Relz) > M}
Proof. It is sufficient to notice that the star price of a
Parisian option is bounded by E(e”47 (x eoWT + K)).
mz m
E(em?1(x e + K)) < Ke3 T+ xe#'f =

O(é@ﬁ.

Hence, Widder (1941, Theorem 2.1) yields that the abs-
cissa of convergence of the Laplace transforms of the star

prices is smaller that M. The second part of the

proposition ensues from Widder (1941, Theorem 5.a). |

Lemma 2 (Analytical prolongation of N). The unique
analytic prolongation of the normal cumulative distribution
function on the complex plane is defined by

7(v+iy)2

N(x-O—iy):ﬁfjme 7 dv..

(17)

Proof. It is sufficient to notice that the function defined
above is holomorphic on the complex plane (and hence
analytic) and that it coincides with the normal cumulative
distribution function on the real axis. [ ]
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With the definition of N/ given by Equation (17), itis clear
that all the expressions obtained so far for the Laplace
transforms are also valid for complex values of A satis-

fing Re@) > Mt of

complex half plane iz € C:Re(z) >
7.2. THE FOURIER SERIES
REPRESENTATION

Thanks to Widder (1941, Theorem g.2), we know how
to recover a function from its Laplace transform.

since they are analytic on the

(m er 6)2}_

Theorem 3. Let fbe a continuous function defined on R* and
@ a positive number. Assume that the ﬁmcﬁon FAt)e is inte-
grable. Then, given the Laplace transform f, f can be recovered
from the contour integral

1

S = o aa:;me“}‘\(s)ds, t> 0.

(18)

The variable  has to be chosen greater than the abs-
cissa of convergence of f . In our case, @ mustbe chosen
strictly greater than (m + o)?/2.

For any real valued function satisfying the hypotheses
of Theorem 3, we introduce a trapezoidal discretisation
of Equation (18) of step m/¢.

. et —~ et O — b
ﬁwu>—gme~7;¥—MR4Aa+q?%
19

Proposition 12. Iffis a continuous bounded function satisfying
() = 0fort < 0, wehave

2at

lean D] =[O~ Fop D < | f L1

A proof of Proposition 12 can be found in Labart and
Lelong (2008).

Remark 5. For the upper bound in Proposition 12 to be smaller
than 108| f |.., one has to choose 2a¢ = 18.4. In fact, this
bound holds for any choice of the discretisation step h satisfying
h < 2m/t.

Simply truncating the series in the definition of f
to compute the trapezoidal integral is far too rough to
provide a fast and accurate numerical inversion. One
way to improve the convergence of the series is to use
the Euler summation.

7.3. THE EULER SUMMATION

To improve the convergence of a series S, we use the Euler
summation technique as described by Abate et al. (1999),
which consists in Computing the binomial average of q
terms from the p-th term of the series S. The binomial
average obviously converges to S as p goes to infinity. The
following proposition describes the convergence rate of
the binomial average to the infinite series f, /, (¢) when
p goes to oo.

Proposition 13. Let f'be a function of class C ¢ "  such that
thereexistse > 0s.t. Vi < g + 4, f19(s) = Olele—ox),
where @ is the abscissa of convergence of f . We define s ﬁ(t) as

the approximation of f,, (¢) when truncating the non-finite
series in (19) to p terms

at at P —~ >
() =% F@+ % > 1 Rel fla + i),
sp(0) =g Sl + 5 2 (Fla+ 7))
and E(q.p,t) = 231 _,Ck2-9s, ., (¢). Then,

tet| f7(0) — af(0)]
2

s

| fore () — Eg,p,t)| =

pl(g + 1)! 1
2(p+ g+ O(pq”)’

when p goes to infinity.

Using Propositions 12 and 13, we get the following result
concerning the global error on the numerical computation
of the price of a Parisian call option.

Corollary 1. Let f'be the price of a Parisian call option. Using
the notations of Proposition 13, we have
— 2at
‘f(t) — E(q,p,t)\ < Soﬁ +
et] f7(0) — a A0)[pl(g + 1)! vl 1
m2¢(p + q + 2)! (l"’“)’

forany a > n +of

We refer the reader to Labart and Lelong (2008) for a
proof of Corollary 1 and Proposition 13.

For 2at = 18.4 and ¢ = p = 15, the global error is
bounded by S,10~8 + ¢ /7 (0) — af(0)|10~ 1. As one
can see, the method we use to invert Laplace transforms
provides a very good accuracy with few computations.

Remark 6. Considering the case of call options in Theorem 1 is
sufficient since put prices are computed using parity relationships
and their accuracy is hung up to the one of call prices.

W VIII. A FEW GRAPHS

In this section, we perform a few numerical experiments
with the method we have studied so far and compare it
with the enhanced Monte Carlo method of Baldi et al.
(2000).

First, we consider a dynamic delta hedging simulation
of a Parisian Up and Out call. We simulate an asset path
and try to hedge along this trajectory. For this purpose,
we use the formulae to derive the price of Parisian options
at any time strictly positive. The delta simply ensues
from a finite difference scheme. The discrete delta hed-
ging proves quite efficient even though as one can see
it on Figure 4, there are huge variations in the hedging
portfolio when the option is about to be activated or can-
celled. This phenomena introduces some hedging error
because the hedging is performed in discrete time. In
this example, the hedging portfolio could be rebalanced
three times a day.

Now, we would like to compare the prices obtained
with our method with the prices given by the Monte Carlo
method of Baldi et al. (2000). The Monte Carlo compu-
tation uses 10000 samples and 250 discretisation steps
between 0 and T. Figure 5 shows the evolution w.r.t the
delay of the price ofa Down and Out put computed either
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with the invert Laplace transform method or the enhanced
Monte Carlo method. The evolution of the prices provided
by our method is much smoother than the one given by
Monte Carlo. As one can see, the accuracy of the Monte
Carlo method has nothing to do with the accuracy of our
method. Let us recall that our prices are accurate up to
105 (when S, = 100) as stated in Theorem 1. Concer-
ning the computational costs of the two methods, the
invert Laplace transform method runs a thousand times
faster than the corrected Monte Carlo.

B [X. CONCLUSION

In this work, we provide all the Laplace transforms of
the different Parisian option prices, be it through explicit

formulae or parity relationships. We also explain how to
invert these formulae to compute the prices. The detailed
study of the inversion algorithm enables to prove the accu-
racy and then the efficiency of the method. The efficiency
is confirmed by the comparison with the enhanced Monte
Carlo, which in fact is already very efficient when one
thinks of how difficult it is to price Parisian options. B

1. PREMIAisa pricing software developed by the MathFi team of INRIA Rocquencourt,
see http://www.premia.fr.
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2
We already know that 1, (u) = /% e(%). We use the notation 0 = v2A.
02 b =

fDe—Mu (du) = fDe‘T“ e 2 du
0 b 0 v 2’ “
The change of variable ¢ = \/E —/1— leads to

'/(‘) e, (u)du —f \/7 (#(t—z t2>>dt,
b(1

v BD
- [V el v
VoD

anew change of variable v = % — tgives

0D Vb
_ /00 g ‘/T_JGD Y )
= ore f_m ez (1 TR dv,

we set u = v 0bv

b

~/57
L " —u2/2< f#>
Jor f—oo ¢ ! Yu?+ 466 du.
A last change of variable v = v u? + 466 ends the computation
- b b
= o0 S 06 A/ [ — _ b
i) = e WA (0VD — L)+ e N (~0/D — ).
If we let D go to infinity, we can deduce the Laplace transform of T,, for any real b

Ele= 5] = ¢—v2Mlbl,

Once again we introduce 6 = v2A.

| x|t2

The change of variable # = 6| straightly gives the new expression

+oo too /D 0lxlf1
‘/(; e M@_Zu —f ‘g eXp(—T t—2+t2>>dt,

) %e*e‘x‘f()mexf’(_ %(% _ t>2)dt.

Once again, we can use the change of variable s = » — %, which maps [0, + oo [into]— oo, + o[ and we

) The second term is odd, so its integral over R cancels and we get

ds
have du = 2<1+m .
|x + oo 6|x|2
/27t —6lx If 2 ds.

x2

R VIR T W G P
fo e ”%du 0 xl, (20)

Finally, we obtain
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In this part, we recall some useful results about Brownian motion and it excursion theory. We are interested in the law of (7', Z T,;)
and (T;,ZTZr). Such results can be found in Azéma and Yor (1989); Revuz and Yor (1999); Chung (1976). In the following, we
consider a standard Brownian motion Z.

C.1.Caseb = 0

P(Zp- € dx) = —%e*@ﬂ{x«)}dx and P(Zp+ € dx) = —%ef@‘[l{po}dx.

1

~ L)
and ]E(e g ) sO/D)’

E(e3°7) =

1
#(\/D)
This kind of formula goes back to the work of Wendel (1964).

C.2. Case b < 0. This case can be reduced to the previous one with the help of the stopping time 7. By introducing a new
Brownian motion W = iW, = Zr,,,— b;t = 0} independent. 77, , we canwrite T,y = T, + T~ (W) a.s.. T,and T (W) are
independent, hence we find

E (e* 5275) = E(e* 7 Tb)E (8* b TWW))-

As E(GXP(*%ﬂTb)) = exp(—|b[A), we get

Concerning the law of Z-, we have

P(Zpy € dx) = P(Wrpz— 1y € dx — b) = P(Wpy € dx —b).

Finally, we obtain

V() = P(Zy, € dv) = LS E e S0

C.3. Case b < . Following closely the above reasoning, we find

o— b

s(\D)"

E(ef%AZTZ') —

vi(dx) = ]P’(ZT; € dx) = xB be_(x;Db)Z T > pda.
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