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asel II agreement on banking supervision is to be
completed in the coming months with implemen-
tation due 2006. Besides the interest devoted to
operational risk, the Basel II Agreement relies in

a multiple step approach for credit risk measurement with
different degrees of sophistication. The most “advanced” is
known as 

 

Internal Ratings Based 

 

approach (IRB) which is to
be implemented by large international banks for credit risk
capital charges computation. It appears as a technological
revolution as this is the first time quantitative methods will be
used for credit in a regulatory framework. 

Credit risk modelling

 

 1

 

 in the IRB setting is similar to
CreditMetrics or Moody’s-KMV. The focus is drawn on the
modelling of the loss distribution in the credit portfolio,
achieved through the use of default indicators at a given time
horizon. This approach relies on the econometrics of cate-
gorical variables, being used for thirty years in credit
scoring
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. In comparison to market risk, the correlation
modelling

 

 3

 

 is quite simple, since it is assumed that there is
a unique risk factor driving all the credit market. This hy-
pothesis is questionable, in particular for international
banks
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. It is not acceptable for economic reasons, but can be
seen as a way to ease subsequent capital computations. In-
deed, capital requirements for well-diversified credit portfo-
lios become linear function of the amount lent to borrowers.

In other words, risk measures become additive. We intend in
this article to evaluate the reduction of capital requirements
due to credit risk diversification. To proceed, we propose a
more general model than Basel II, still more simple than
CreditMetrics or KMV, where the correlation between fac-
tors is not necessarily equal to 100%. We then express losses
on retail portfolios, relying upon a typical “small-risk” hy-
pothesis, though our analysis can be applied to corporate
borrowers as well. 

The second ingredient in the IRB approach is the quan-
tification or measure of risks with quantiles of the loss distri-
bution at a given time-horizon. It is mainly an extension of the
Value at Risk methodology from market risk to credit risk. In
order to assess the impact of the Committee’s choice, we
compare capital requirements computed with VaR or with the
“Expected Shortfall”
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. Another specificity of the measure-
ment of credit risk within Basel II is the distinction between
“expected loss” and “unexpected loss”. For corporate credits
and mortgages, the regulatory risk measure is based on the
total loss. For retail credits (apart mortgages), the risk meas-
ure is based on the credit losses minus their expectation (or
“expected loss”), this quantity being the “unexpected loss”.
As it will be seen further, this is a key issue, especially as far
as risk contributions and capital allocation are concerned.

The article is organized as follows: in the first part,
we review credit risk modelling underlying the Basel II
agreement. We highlight our model as an extension of the
regulatory one. The second part is devoted to risk meas-
urement and capital requirements. We quantify credit risk
reduction implied by diversification and the impact of the
risk measure choice. We draw a case study based on a
typical retail credit portfolio. We examine on one hand the
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effects on the overall risk of the bank, and on the other
hand the risk contributions of the different subportfolios.

 

I Credit risk modelling

 

Credit risk modelling in the Basel II framework

 

In the framework proposed by the Basel Committe,
each credit is identified by three parameters, namely the 

 

Ex-
posure at Default

 

 (EAD) which is the credit outstanding cap-
ital one year ahead, the 

 

Loss Given Default

 

 (LGD) which
represents the unrecovered amount in case of default, and the

 

Probability of Default

 

 (PD). Banks pool their credit in homo-
geneous portfolios (mortgage credits, small borrowers cred-
its, loans to small and medium enterprises) corresponding to
their different operating activities. Depending on the sector
and on the quality of data reporting, borrowers may also be
pooled according to the origination year (vintage) and an in-
ternal rating. In the most advanced IRB setting, those param-
eters are determined by the banks following a methodology
validated by the supervisory authorities

 

 6

 

. When the credit
characteristics (EAD, LGD, PD) and the sector of activity are
identical, we deal with an “homogeneous portfolio”.

The occurrence of default is represented by a Bernoulli
random variable which takes the value 1 in case of default
and 0 otherwise. Let us denote  this variable where 

 

i

 

 re-
fers to the credit and 

 

J

 

 to the homogeneous portfolio it be-
longs to. The Basel II model, as CreditMetrics, makes use of
a latent variable which follows a standard Gaussian distribu-
tion to represent . More precisely, 

where  follows a standard Gaussian distribution which
can be written:

,

 and  are independent random variables following
standard Gaussian distribution.  represents specific risk
to credit i and  a common risk to all credits in the portfolio

 

J

 

.  is a correlation parameter ranging from 0 to 1, which
allows one to take into account various degrees of depen-
dence between default events depending on the portfolio.
This correlation parameter is not estimated in principle by
the banks but computed according to a regulatory formula (it
depends mainly on the probability of default and on the kind
of credit). 

This factor model has been pioneered by Vasicek
(1997) and studied by Gordy (2000, 2002). Let us point out
that the default indicators  are not independent, due to
the common factor , but conditionally on , default in-
dicators  are independent. The underlying structure
being Gaussian, the copula function (or dependence func-
tion) associated with the default indicators  is Gaussian
as well (see below).

The threshold  is determined from the probability of
default,  of the credits within homogeneous portfolio 

 

J

 

:

,

where  is the cumulative distribution function of the stan-
dard Gaussian distribution. Hence, .

In the homogeneous portfolio, the joint probability of
borrowers i and j defaulting at the time horizon is:

That is:

We may question the presence of a single risk factor
 to model the dependence structure between credits in the

portfolio 

 

J

 

. Indeed, this single factor structure comes almost
automatically from the homogeneity of the credit portfolio
(see box 1 on de Finetti’s theorem). Thus the one factor ap-
proach seems unavoidable for homogenous portfolios
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.
Even if we had used a multiple factor model at this stage, sen-
sitivities would have been the same and we could have refor-
mulated the model in a one factor setting.

 

Loss distribution in a large portfolio

 

The loss in the portfolio 

 

J

 

 is obtained as the sum of
losses on individual credits: 

 

,

 

where  and  stand respectively for the “expo-

sure at default” and “loss given default” of the credits within

YJ i,

YJ i,

YJ i,
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1. Factor models for homogeneous portfolios

 

Def.: (

 

Bernoulli mixture

 

). Let p < m and a p-dimensional random
vector . The random vector  fol-
lows a Bernoulli mixture model with factor vector  if there are
functions  : , with , such that conditionally
on  the default indicators  is a vector of independent Bernoulli
random variables with .

Def.: (

 

exchangeability

 

). A random vector is exchangeable if any rear-
rangement of its components yields the same joint distribution.

 

Let us assume that the Bernoulli random variables which represent
the default of each retail obligor are exchangeable

 

. Then, we have de
Finetti’s theorem (see Frey et al.):

Theorem: Let  be an infinite sequence of Bernoulli ran-
dom variables. Then there exists a probability distribution 

 

G

 

 on [0,1]
of a one dimensional factor such that for every , there is:

Basel II model happens to be a particular case of de Finetti’s results,
assuming we have an infinity of borrowers. In particular, Basel postu-
lates that the common factor is unidimensionnal and follows a stan-
dard Gaussian distribution. Relaxing the Gaussian assumption of the
factor might seem necessary for taking into account extreme events.
Still, empirical findings showed that retail banking could postpone
further investigation in that direction for the moment. Our current
issue is to address the quality of data and the reliability of parameter
estimation.
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the homogeneous portfolio 

 

J

 

. The loss distribution for a
homogeneous portfolio can be obtained by inversion of Fou-
rier transform, since the characteristics function takes an
explicit expression (see appendix). In the case where the
amount of each credit is small, it is possible to approximate
the loss in the portfolio in a tractable way. More precisely, we
suppose that the overall exposure to credit risk in portfolio 

 

J

 

remains constant  and we let the

amount of each credit tend to zero. It is the asymptotic
approach which underlies the “Arbitrage Pricing Theory”
(see Chamberlain et Rothschild (1983)). We can prove that
almost surely (see appendix):

The limit case corresponds to the so-called 

 

infinitely
granular 

 

portfolio, according to Basel II terminology. We
notice that each borrower’s specific risk has been diversi-
fied away and that the remaining risk in the portfolio de-
pends only on the factor . This approximation is valid
for retail credit lines with more than 1000 borrowers

 

 8

 

. Let
us remark that due to the dependence between defaults
events, there remains some risk even for infinitely granular
portfolio.

 

Aggregated losses

 

Let us assume the overall credit portfolio of the bank
has been split into 

 

K

 

 infinitely granular homogeneous portfo-
lios. The loss for the overall bank, or aggregated loss 

 

L,

 

 can
be written as the sum of the losses on each portfolio:

Let us remark that at this stage we have not made any
hypothesis on the correlation structure between the factors

 associated to the different credit portfolios. The Basel
Committee takes for granted that the correlation is equal to
100% between the different risk factors. In other words, all
the factors  are equal. Thus, if there is some credit risk di-
versification in each portfolio, it is implicitly 

 

postulated 

 

that
there is none between the different portfolios. 

This is an hypothesis that we propose to retrieve in
order to assess its practical importance. In the sequel, we sup-
pose that there exist a common economy wide risk factor ,
which can be understood as a systemic risk, and portfolio
specific risk factors  such that we can write: 

where  stands for the systemic correlation and as well as
 are random variables following independent standard

Gaussian distribution.  ranges from 0 up to 100%. In the
Basel II framework, this correlation is equal to 100%. In the
sequel, we will refer to the Committee’s model as the “single
factor” model. Here  can be estimated with historical loss
data on each portfolio, recorded internally by the bank
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. Our
model has the advantage of simplicity because it needs only
one extra parameter from the regulatory one. Let us notice
that Moody’s-KMV uses a more general correlation structure
between the factors  but it is difficult to estimate in the
case of retail banking.We will not discuss the link between

, , observable variables and other risk factors used by
KMV-Moody’s to assess credit risk for large corporate bor-
rowers. This should be studied in order to aggregate the retail
and corporate portfolios.

 

- The aggregation principle-

 

The aggregation principle displayed above shows the
diversification effect we are willing to take into account. In
the Basel II model, loss distribution in the homogeneous
portfolios are comonotonic, i.e. monotone (decreasing) func-
tions of the same factor. It means intuitively that a worst case
for one portfolio is a worst case for all the other portfolios,
which may be doubted in practice. Hence our willingness to
propose the introduction of the correlation  at the aggregat-
ed level.

 

II Risk measurement 
and capital requirements

 

Context

 

As it is already the case for market risks in the IRB ap-
proach, bank capital charges must match the credit risk mag-
nitude through use of an appropriate credit risk measure.
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Recall that a risk measure is an indicator computed from the
loss distribution. The risk measures retained by the superviso-
ry authorities are VaR based. Those risk measures are often
criticized, namely because in the case of default risk they are
not sub additive. They do not take into account the magnitude
of large losses as well. In order to better understand the differ-
ent issues, we analyse credit risk of a retail bank with our
model and with the IRB model as well. We have chosen to
perform a case study, our example being typical of this sector.

Risk measurement in the Basel II framework

Let us start our analysis with a few reminders on risk
computations in the Basel II setting and on the underlying
model. If  is a random variable and , we define

the lower quantile of order  as being

. In the Basel II case, X may

either represent credit losses L, as for corporate credits and

mortgages or unexpected losses, namely  for re-
tail credits apart mortgages. For retail credits, expected loss-

es  are supposed to be covered by the credit margin
and banks do not have capital charges with respect to those
losses. A simple reasoning gives that

 11. The expected loss on
the aggregated portfolio is the sum of the expected losses in

the sub-portfolios, namely 

. Concerning corporate borrowers and mortgage

credits, the regulatory risk measure is  and not

. Thus, the Basel Committee considers that

the margins on the credits granted to corporate borrowers
and on mortgage credits do not cover the average risk, e.g.
the expected loss. We will thereafter present risk measures
based on unexpected losses, since the transposition to the
total losses is straightforward.

The capital charges required to cover retail credit risk 12

in the Basel II setting must be at least equal to:

In the sequel, we will systematically make the assimi-
lation between capital charges and risk measures. 

In the IRB approach (single factor model)
, corresponding indeed to the case

where the systemic correlation  is equal to 100%, the risk
measure takes a very simple additive form, thanks to the
comonotonic additivity of quantiles:

Here the risk measure in the aggregated portfolio is
equal to the sum of the risk measures of the sub-portfolios 12.
This justifies the weighting approach in Basel II. Unfortu-
nately, such a decomposition of the aggregated risk measure
is not possible in our extended model, where the correlation
between factors is not perfect anymore ( ). In the multi-
factor framework, it is still possible to estimate the risk meas-
ure, by Monte Carlo simulation or quantile computation from
the empirical distribution 13. 

Whereas the regulatory risk measure is no more than a
recentered quantile of the loss distribution, it is possible to
contemplate other risk measures. If X is a random variable
with a positive density (which is verified in our study where
we only consider infinitely granular portfolios), we define

, 

where  is the distribution of X (  is the “Expected
Shortfall” of X), then the risk measure

 14.  is equal to the expectation of the
losses in excess of the regulatory risk measure

, which allows us to establish immediately
that , e.g. the second risk measure is more conservative
than the regulatory one. We remark that as well as for the
regulatory risk measure that . It is a
coherent risk measure 15:

, where  and the  are the

losses on the different credit portfolios. The risk measure that
we have introduced, built from the “Expected Shortfall” of
the loss distribution is comonotonic additive 16 and invariant
in distribution. It belongs to the class of “spectral risk measu-
res” or the “convex” distortion risk measures (cf. Dhaene et
al. (2003)). These risk measures are being investigated by
large banks as a reliable alternative to the regulatory
measure. Since the risk measure based on Expected Shortfall
being comonotonically additive, we obtain a very simple
decomposition of the risk aggregated in the single factor
model:

Besides (see remarks on additivity of the risk measure),
we can give a semi-explicit form of the “Expected Shortfall”
in the different sub-portfolios:  

,

where  represents the Gaussian density and the integral can
be quickly computed, by means of a Gaussian quadrature for
example.
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III Case study 

 

Purpose

 

The subsequent case study highlights the following
points:
(i) Impact of the systemic correlation on Value at Risk and

Expected Shortfall.
(ii) Risk contributions in the extended model.
(iii) The difference between risk contributions based on total

losses and based on unexpected losses.

 

Portfolio structure

 

The portfolio structure is typical of retail banking (see

 

chart 1

 

)

 

 17

 

 and comes from a segmentation done in compli-
ance with the Basel II requirements. It is composed of

 credit lines. Correlations are obtained through the
QIS 3.0 formulas

 

 18

 

. 

 

Chart 1:

 

 portfolio structure

 

Aggregated credit risk

 

The two studied cases are the regulatory single factor
one and the multifactor model with a systemic correlation

 equal to 50%. In the latter case, an analytical formula-
tion is not available, hence we proceed by Monte Carlo
simulation. The chosen confidence level  is 99,9%, equal
to the regulatory one. 

 

Chart 2

 

 displays the effect of credit
risk diversification and the impact of the choice of the risk
measure. Not surprisingly, we find a substantial reduction
of VaR and Expected Shortfall by diversification, the mag-
nitude being around 25% here

 

 19

 
. On the other hand, the use

of the risk measure built from the “Expected Shortfall” in-
duces a moderated increase in the credit risk measure, of
order 10%. 

 

Chart 2:

 

 VaR and Expected Shortfall of the aggregated 
portfolio

 

Contributions to aggregated risk

 

In the single factor case, we have seen that the regulatory
risk measure was additive. This is not valid in the general set-
ting that we consider. Still, we have positive homogeneity of
order 1 with respect to the exposures on sub-portfolios

, . By writing Euler’s equality, we obtain:

,

which gives a local decomposition of the measure of the
aggregated risk, with respect to exposures at default. The

term  should be understood as the risk

contribution of sub-portfolio 

 

J

 

 to the overall aggregated risk.

There exists multiple ways to estimate . It is for

example possible to make use of the result proved by Gourié-
roux et al. (2000) or by Tasche (2000) which link the partial
derivatives of the VaR with respect to allocation, to conditio-
nal expectation of losses on the sub-portfolios (in the case of
distributions with densities, which applies here):

,

where  is

the loss 

 

J

 

. The conditional expectation can be computed by
Monte Carlo simulation of the loss distribution, or by non
linear regression. Figure 1 represents risk contributions of the

sub-portfolios, , for  to ove-

rall risk for the Basel II case ( ) and for the multi-

factor model ( ). In both cases, the credit lines risk
contribution to the overall portfolio is the highest for poor
quality lines, even if their relative amounts are small. We
have here assumed that the quantile based risk measure was
based on total losses, rather than unexpected losses. As will
be seen below, the contribution of poor quality lines to ove-
rall risk comes from their high expected losses.

The risk measure built from the expected shortfall, ,
is positively homogeneous of order 1 with respect to the ex-
posures ,  as well. As a consequence, we

can write: . To estimate ,

 

Credit line

1 14% 0,06% 60% 16,7%

2 20% 0,18% 60% 16,1%

3 7% 0,24% 60% 15,8%

4 10% 0,42% 60% 14,9%

5 10% 0,60% 60% 14,2%

6 7% 0,84% 60% 13,2%

7 8% 1,44% 60% 11,1%

8 2% 3,18% 60% 6,9%

9 6% 3,24% 60% 6,8%

10 1% 4,56% 60% 5,0%

11 1% 7,20% 60% 3,2%

12 5% 7,33% 60% 3,2%

13 7% 16,0% 60% 2,1%

14 3% 55,0% 60% 2,0%
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we can use the result established by Scaillet (2003) which re-
lates partial derivatives of the “Expected Shortfall” and con-
ditional expectation of losses in the sub-portfolios (in the
case of distribution having densities, which applies here):

.

The conditional expectation may be estimated by
econometric means. We refer to Scaillet (2003) for further
discussion on the different approaches. 

Figure 2 presents the risk contributions of the sub-port-

folios  when the risk measure is based on

the Expected Shortfall

 

 20

 

. Compared to results obtained with
the VaR based risk measure, the overall pattern does not
change very much, with a high contribution of poor quality

lines  though these two lines account for only
10% of total credit exposure. The similarity between the risk
contributions when using VaR and ES is due to the smooth
pattern of default distributions in the retail banking case. This
practical case study also shows that the theoretical critics to-
wards the VaR regulatory measure are somehow artificial in
the context of retail credit risk.

 

Chart 3

 

 represents the relative contributions of total

VaR, , for  in the case of

Basel II ( ) and in our multifactor approach

( ). 
A better account of the diversification effects has quite

significant consequences on capital allocation with the mul-
tifactor model. The poor quality lines 13 and 14 have then
higher relative contributions, while good quality credit lines
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fig. 1: Risk contributions in the aggregated portfolio, VaR case
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fig. 2: Risk contributions in the aggregated

portfolio, Expected Shortfall case
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have lower relative contributions. This effect is even more
apparent when looking for lower systemic correlation.

Figure 3 reports the risk contributions when the sys-
temic correlation  is equal to 5%. We can see that almost
all the risk is concentrated on poor quality lines

. Clearly, good quality lines benefit from the
diversification effect. The reason of such results is mainly
due to expected losses effects (see below). 

Let us recall that the first three figures and chart 3 are
based on total losses rather than unexpected losses. The ex-

pected losses do not depend on any correlation parameter and
are quite large for poor quality lines. For instance, line 14 is
associated with a probability of default equal to 55%. Diver-
sification of credit risk amongst different lines then reduces
only unexpected loss. This is enlightened in figure 4. We have
here represented relative risk contributions of the sub-portfo-
lios with the VaR risk measure and with the Expected short-
fall risk measure, when the measurement is based only on un-
expected losses. In both cases, the systemic correlation is set
to 50%. We can see a dramatic change in the patterns. Risk is

1 3 5 7 9

11 13
0,0%

0,2%

0,4%

0,6%

0,8%

1,0%

1,2%

fig. 3: risk contributions in the aggregated 

portfolio, the VaR case 

multi

Basel

1 3 5 7 9

11 13

0,0%

0,1%

0,2%

0,3%

0,4%

0,5%

0,6%

fig. 4: risk contributions in the VaR case with a 

recenterered distribution

multi

Basel

Chart 3: relative contributions to total VaR

Credit line 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Basel II 2,1% 6,8% 2,8% 5,6% 7,4% 5,9% 8,3% 2,7% 8,2% 1,3% 1,0% 9,0% 19,4% 19,5%

multi 2,2% 4,3% 1,0% 1,7% 7,7% 3,2% 6,5% 2,7% 8,6% 1,0% 1,1% 11,0% 23,0% 26,0%

r

J 12,13,14=
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no longer concentrated on poor credit quality lines. One
might argue that expected losses cannot be reasonably cov-
ered by credit margins for instance in the case of line 14, due
to the extremely high probability of default. Nevertheless, it
is likely that credit reserves have already been put in front of
such highly risky lines.

 

Consequences on risk management 
and securitization

 

In term of risk management, the preceding results
help us to define and quantify a strategy of risk reduction in
the aggregated portfolio. The purpose of securitization in
this context is to create customized portfolio profiles held
by the bank, corresponding to the strategy of the Managing
Board or to comply with ratings requirements or targets.
For example, it is possible to reshape the portfolio by secu-
ritizing the line 14 (see 

 

fig. 2

 

), which nominal amount is
around 3% but which concentrates the most part of the risk
contribution. In order to decrease the risk of the Special
Purpose Vehicle, we can add in the pool some credits from
the less risky lines (1 to 9). We can contemplate in this
framework a partial cession of the tranches, in order to take
into account the case in which the bank retains the first loss-
es. Let us point the fact that even in the case of a partial ces-
sion of credit risk

 

 21

 

, the regulatory treatment proposed by
the Basel Committee does not agree with an economic ap-
proach. Of course, as is clear from our previous discussion,
this relies on the assumption that expected losses contribute
to the risk of different lines.

 

Model risk

 

As a way to assess the impact of parameter choice or
estimation, we represent firstly the influence of systemic cor-
relation on the regulatory risk measure  and the one built
from the Expected Shortfall

 

 22

 

. We notice an almost linear in-
creasing relationship between the measures and  (see 

 

figure
5

 

).

We display as well the elasticity of the risk measures with

respect to the specific correlation parameters:  and

 for  (see 

 

figures 6 and 7

 

). 

A careful risk manager should focus his attention espe-
cially on those most sensitive lines, either by testing other
credit risk models or by deciding to allocate more capital to
those lines. This may be viewed as a conservative attitude to-
wards 

 

uncertainty

 

 on parameters. Picking up the “uncertain”
credit lines could be a new criterium to securitize particular
assets of the balance sheet. This can be understood as a way
of hedging correlation risk, as in financial markets. Moreo-
ver, correlations follow the economic cycles. Hence, a wise
management of this risk must allow us to tackle and reduce
both procyclicality and volatility of capital charges, two
major drawbacks of the models studied here. Sensitivity
analysis with respect to other parameters is made in the same
fashion

 

 23

 

. 

 

Summary

 

Basel II approach for credit risk does not fully account
for portfolio diversification (both geographical and among
sectors) among different credit lines. In our case study, this
conservative approach leads to an overestimation of capital
of an order of magnitude of 25%. On the other hand, using
“Expected Shortfall” instead of VaR as a risk measure mag-
nifies economic capital by approximately 10%. As far as re-
tail banking is concerned, the capital allocation using VaR or
Expected Shortfall provides similar risk 

 

profiles

 

 be it in the
Basel II setup or in our proposed extension. This is due to
smooth patterns of loss distributions. Taking into account the
diversification of credit risk magnifies the risk contributions
of poor quality credit lines by comparison with good quality
ones. This appears to be mainly an expected loss effect. Risk
measures based on unexpected losses lead to dramatically
different capital allocations.

 

�

z

r

fig. 5: VaR and ES as a function of systemic correlation
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1 Regulatory materials are available on the IRB’s website. For the rea-
der interested by a presentation of the models underlying the IRB
approach, we refer to Gordy (2001) and Roncalli (2001).
2 On a technical point of view, CreditMetrics and Basel II model are
multivariate probit models.
3 “Correlation” must be understood as dependence, not as linear corre-
lation, as the risks we consider here are non Gaussian. 
4 However, we show later that it is not restrictive for homogeneous cre-
dit portfolios.
5 The Expected Shortfall is a coherent risk measure in the sense of
Artzner et al. It enjoys thus desirable properties like sub-additivity,
which is not the case of the VaR.
6 Let us remark that the default probabilities are set according to inter-
nal ratings, even though these ratings can use information coming from
rating agencies.
7 We notice that homogeneity is related to symmetry in the joint law of
default indicators.
8 See Wilde (2001), and Dembo et al. (2002).
9 See Düllmann and Scheule (2003), Gordy and Heitfield (2002).
10 It is a translation invariance property which is shared by coherent
risk measures (see Artzner et al., 1999).
11 For mortgages, the capital charges are given by:

.

When considering corporate credits, there are other adjustments to
cope with finite granularity or maturity effects.
12 It is an easy task to check risk additivity in the Committee’s
approach. We denote by

, 

the loss on credit portfolio J and by  the aggrega-

ted loss. We notice that the losses ,  are continuous func-

tions strictly decreasing in . Hence,

, .

It implies that

,

. Looking back at the definition of the lower quantile of

order  of a random variable X, , and

by using again continuity and the one to one relationship between L
and , we establish the following equalities:

 and ,

1 2 3 4 5 6 7 8 9 10 11 12 13 14

0,0%
0,5%
1,0%
1,5%
2,0%
2,5%
3,0%
3,5%

4,0%
4,5%

fig. 6: VaR sensitivity to a one 1% error on correlation

multi

Basel

1 2 3 4 5 6 7 8 9 10 11 12 13 14

0,0%
0,5%
1,0%
1,5%
2,0%
2,5%
3,0%
3,5%
4,0%
4,5%
5,0%

fig. 7: Expected Shortfall sensitivity to a one 1% error on 

correlation

multi

Basel
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. This implies that ,

which was to be demonstrated. By making use of the symmetry of ,

. This gives a simple expression of the regula-

tory risk measure in the single factor case:

,

in which there are only quantiles from the standard Gaussian distribu-
tion.
13 We can as well perform a non parametric kernel estimation, see
Scaillet (2003).
14 Similarly to the VaR case, for mortgages we should consider a risk
measure based on total losses 

 

L

 

 rather than on unexpected losses
.

15 In particular it is subadditive, whereas the regulatory measure is not
(see Artzner et al.(1997, 1999)).
16 It is easy to prove additivity in the single factor setting. We notice
that in the case where 

 

X

 

 has a density we can write
. Keeping the same notations as supra

where 

 

L

 

 and  are the aggregated loss and the loss on portfolio 

 

J

 

, we

can write:

, 

thanks to linearity of conditional expectation. Similarly to the proof of
additivity in the Basel case, we get: ,

. It follows that:

,

and the additivity of the risk measure built from the Expected Shortfall,
in the single factor case. 

17 We can notice that lines 2 and 3 or lines 8 and 9 have very similar
probabilities of default and losses given default. However, in the multi-
factor model, one cannot aggregate these lines, since the inter-correla-
tion of default events is different from the intra-correlation of default
events.
18 Further information about the Quantitative Impact Study 3.0 can be
found at the following webpage: http://www.bis.org/bcbs/qis/qis3.htm
19 It is possible to prove that diversification reduces the risk measure
built from the “Expected Shortfall”. Denote by  the loss on port-

folio 

 

J

 

,  being the corresponding risk factor. The aggregated loss can

be written . Thanks to subadditivity of the risk measure, we

obtain that . Making use of law inva-

riance of the risk measure, the expression on the right can be rewritten

as  where  is a standard Gaussian random variable.

With comonotonic additivity, this is equal to , which is

nothing less than the risk measure corresponding to single factor case.
20 As the for the quantile based risk measure, the expected shortfall
based risk measure in figure 2 accounts for total losses rather than
unexpected losses. The high contribution of poor quality credit lines is
then mainly due to expected losses which are especially high for lines

.
21 For instance, the bank sells mezzanine and senior tranches and
keeps the equity tranche.
22 We do not discuss the estimation of the  parameter (systemic cor-
relation), neither confidence intervals which should be used for estima-
tors of . The estimation process depends on available data which
differ from bank to bank.
23 It is available on request.
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Appendix: convergences for infinitely granular portfolios

 
We provide here a precise meaning to both notions of

“infinitely granular portfolio” used in the regulatory texts and
credit risk diversification. In the sequel  is a space

endowed with a probability measure,  refers to a random

vector of dimension  and ,   are random var-

iables representing losses on credits. The variables ,

 are supposed to be conditionally independent know-

ing . Besides, we will assume that , 

(losses on a credit are positive and are at most equal to the

nominal of the credit).  is a regular version of a probabil-

ity measure knowing . We will suppose that losses  are

identically distributed under . Let us recall that if 

 

X 

 

is a
random variable with finite expectation under 

 

P

 

, then

.  Here losses  have finite expecta-

tions under 

 

P

 

, hence under . We write  the

aggregated loss for 

 

n

 

 credits. We can then establish the fol-
lowing result:

 

Property

 

 (convergence in distribution for infinitely
granular portfolios): 

,

where  refers to the convergence in distribution.

 

Proof

 

: We will use the Lévy theorem. The characteris-
tics function of , , defined by

, for  can be written as:

by the iterated expectations theorem. Let us denote

. 

We then have:

where we have used the independence of the  conditio-
nally to  and the invariance in distribution of the 
under . Let us do an expansion at 1

 

st

 

 order:

with . 

We notice that , 

hence: . Furthermore

. The random variables

 being less than 1, the dominated convergence theorem

leads to: . 

The second part of the previous equality is nothing else than
, the value taken in  of the characteristics func-

tion of .

Hence:

,

which shows the convergence in distribution of  to
.

We can establish the following result as well:

 

Property

 

 (convergence almost surely for infinitely
granular portfolios): 

,

where  refers to convergence 

 

P

 

- almost surely.

 

Proof

 

: We notice that the random variables ,
 are independent under . The variables

are identically distributed under . Furthermore, as
, , we have . Thanks to the

law of large numbers, we obtain:

.

Using the general version of Fubini’s theorem:

which proves the convergence 

 

P

 

- almost surely of  to
. Thus, the loss on an infinitely gra-

nular portfolio can be written as a measurable function of the
factor , the specific risks of the credits being “eliminated”
by diversification. 
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